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PEEFACE. 



In writing the present treatise on the lNTEaRA.L Calculus, 
the object has been to produce a work at once elementary and 
complete — adapted for the use of beginners, and sufficient for 
the wants of advanced students. In the selection of the pro- 
positions, and in the mode of establishing them, I have en- 
deavoured to exhibit fully and clearly the principles of the 
subject, and to illustrate all their most important results. 
The process of summcUton has been repeatedly brought for- 
ward, with the view of securing the attention of the student 
to the notions which form the true foundation of the Integral 
Calculus itself, as well as of its most valuable applications. 
Considerable space has been devoted to the investigations of 
the lengths and areas of curves and of the volumes of solids, 
and an attempt has been made to explain those difficulties 
which usually perplex beginners — especially with reference to 
the limits of integrations. 

The transformation of multiple integrals is one of the most 
interesting parts of the Integral Calculus, and the experience 
of teachers shews that the usual modes of treating it are not 
jfree from obscurity. I have therefore adopted a method dif- 
ferent from those of previous elementary writers, and have 
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endeavoured to render it easily intelligible by fall detail, and 
by the solution of several problems. 

The Calculus of Variations seems to claim a place in the 
present treatise with the same propriety as the ordinary theory 
of maxima and minima values is included in the Differential 
Calculus. Accordingly the last chapter of the treatise is 
devoted to this subject; and it is hoped that the theory 
and illustrations there given will be found, with respect to 
simplicity and comprehensiveness, adapted to the wants of 
students. 

In order that the student may find in the volume all that 
he requires, a large collection of examples for exercise has 
been appended to the several chapters. These examples 
have been selected from the College and University Exami- 
nation Papers, and have been caxefally verified, so that it is 
believed that few errors will be found among them. 

I. TODHUNTER. 



St John's Coliagb, 
Jaanaw/ry, 1862. 
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INTEGRAL CALCULUS. 

CHAPTER I. 

MEANING OP INTEGRATION. EXAMPLES. 

1. In the Differential Calculus we have a system of 
rules by means of which we deduce from any given fanction 
a second fanction called the differential coefficient of the 
former ; in the Integral Calculus we have to return from the 
differential coefficient to the function from which it was 
deduced. We do not say that this is the object of the Inte- 
gral Calculus, for the fiindamental problem of the subject is 
to effect the summation of a certain infinite series ot inde- 
finitely small terms ; but for the solution of this problem we 
must generally know the function of which a given function is 
the differential coefficient. This we now proceed to shew. 

2. Let {x) denote any function of x which remains finite 
and continuous for all values of x comprised between two 
fixed values a and h. Let aj^, x^ ,...x^^ be a series of values 
lying between a and J, so that a, x., a?,, ... 0?^^, b are in order 
of magnitude ascending or descending. We propose then to 
find the limit of the series 



when a?i — a, x^ — x^, ,,,b — x^^ are all diminished without 
limit, and consequently n increased without limit. 

Put iCj — a=Aj, a;,— a?j = Aj,...J — a;^j = A„; thus the series 
may be written 

T. I. C. 1 
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and may be denoted by SA^ (a?), for it is the sum of a number 
of terms of which h(l>{x) may be taken as the type. Since 
each of the terms of which h is the type may be considered 
as the difference between two values successively ascribed to 
the variable x, we may also use the symbol <}> {x) Ax as the 
type of the terms to be summed, and X<}> {x) Ax for the sum. 

We may shew at once that 2^ {x) Ax can never exceed a 
certain finite quantity. For let A denote the numerically 
greatest value which ^ (x) can have when x lies between a and 
b ; then X<f> (a?) Ao: is numerically less than {\ + h^+ . . . +h^) A , 
that is less than (J --a) A. 

We now proceed to determine the limit of X<b {x) Ax. Let 
yjt {x) be sucn a function of x that <f> {x) is the differential 
coefficient of it with respect to x. Then we know that the 

limit of -^ 7 — when h is indefinitely diminished is 

^ (as). Hence we may put 

where p^, p^, ...p^ ultimately vanish. From these equations 
we have by addition 

f (J) --^(a) ^t<j>{x)Ax + Xhp. 

Now SAp is less than (J — a) p where p denotes the greatest 
of the quantities Oj, p^, •.• p.; hence Xho ultimately vanishes, 
and we obtain tnis result, the limit of %<f> (a?) Aa; when each 
of the quantities of which Ax is the type diminishes indefinitely 

ts -^ (6) — -^ (a). 

3. The notation used to express the preceding result is 

I ^ (a?) da?= -^ (6) — -^ (a) ; 

the symbol / is an abbreviation of the word *'sum," and dx 
represents the Aa; of S^ {x) Ax. 
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4. Suppose that A^, Ag, ... A» axe all equal; then each of 
them is equal to , and x^ is equal to a + -(5 — a). 



n 



Hence I if>{x)dx is equivalent to the following direction, 

" divide h — a into w equal parts, each part being A ; in ^ [x) 
substitute for x successively a, a + A, a + 2A, ... a + (n — 1) A ; 
add these values together, multiply the sum by h and then 
diminish h without limit." K these operations are performed 
we shall have as the result -^ (J) — -^ (a), where -^ (x) is the 
function of which ^ [x) is the differential coefficient with 
respect to a?. 

The student then must carefully observe that for the 
foundation of the Integral Calculus we have a certain theorem 
and a corresponding notation. The theorem is the following: 
let '^ (x) be any function of x, and <}> {x) its differential co- 
efficient with respect to a?; let w be a positive integer and 
nh^^b — a; then the limit when n is indefinitely increased of 

hU{a)+<l>{a + h) + <l> (a + 2h) + ... + <^ (*-*)[ 
is -^ (J) — -^ (a). 

The notation is that this limit is denoted by / (f) (x) dx, 

J a 

flo that 1 (x) da: = -^ (J) — -^ (a). 

As a particular case we may suppose a to be zero ; then 
nh = J, and the limit when n is indefinitely increased of 

AU(0) + <^(A)+t^(2A) + ... + <^(J-A)| 

is denoted by I ^ (a?) dx, and is equal to -^ (5) — -^ (0). 
Jo 

5. A single term such as ^ (a?) Aa? is frequently called an 
element. It may be observed that the limit of X<}> (x) Ax will 
not be altered in value if we omit a Jlnite number of its 
elements, or add a finite number of similar elements; for 

1—2 , 
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in the limit each element is indefinitely small, and a finite 
number of indefinitely small quantities ultimately vanishes. 



/. 



6. The above process is called Integration; the quantity 

^ {x) dx is called a definite integral^ and a and h are called 

the limits of the integral. Since the value of this definite 
integral is ij^ (J) — -^ (a) we must,, when a function ^ {x) is to 
be integrated between assigned limits, first ascertain the 
function '^ {x) of which ^ {x) is the differential coeflScient. To 
express the connexion between ^ {x) and -^ (a?) we have 



and this is also denoted by the equation 

\^{x)dx = '^{x). 

In such an equation as the last, where we have no limits 
assigned, we merely assert that '^{x) is the function from 
which ^ [x) can be obtained by differentiation ; -^ (a?) is here 
called the indefinite integral of ^ (a?). 

7. The problem of finding the areas of curves was one 
of those which gave rise to the Integral Calculus, and fur- 
nishes an illustration of the preceding articles. 




Let PPE be a curve of which the equation is y = <f>{x), 
and suppose it reauired to find the area included between this 
curve, the axis of x, and the ordinates corresponding to the 
^"'~ — ^ ^^^ j^ Lg^ 0^=a, OB=h; divide the space 
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AB into n equal Intervals and draw ordinates at the points 
of division. Suppose Oi/ = a + (r — 1) A, then the area of 
the parallelogram PMNp is 

h^ {a + (r - 1) h]. 

The sum found by assigning to r in this expression all values 
from 1 to w differs from the required area of the curve by 
the sum of all the portions similar to the triangle PQp, and 
as this last sum is obviously less than the greatest of the 
figures of which PMNQ is one, we can, by sufficiently 
diminishing A, obtain a result differing as little as we please 
from the required area. Therefore the area of the curve is 
the limit of the series 

A 1^ (a) + ^ (a + A) + ^ (a + 2A) 4- + ^ (*- A) K 

and is equal to -^ (J) — -^ (a). 

8. If '^ {x) be the function from which ^ {x) springs by 
differentiation, we denote this by the equation 



j^(a;)daj = i|r(a;), 



and we now proceed to methods of finding '^ {x) when ^ {x) is 
given. We have shewn, Dif. Cal. Art. 102, that if two func- 
tions have the same differential coefficient with respect to a 
variable they can only differ by some constant quantity ; hence 
if y^ {x) be a function having (f> (a?) for its differential coeffi- 
cient with respect to x, then y^ {x) + C, where C is any quantity 
independent of x, is the only form that can have the same 
differential coefficient. Hence, hereafter, when we assert that 
any function is the integral of a proposed function, we may 
if we please add to such integral any constant quantity. 

Integration then will for some time appear to be merely 
the inverse of differentiation, ^d we might have so defined 
it ; we have however preferred to introduce at the beginning 
the notion of summation because it occurs in many of the 
most important applications of the subject. 

We may observe that if ^^ (a?) and <f>^ {x) are any func- 
tions of a;, 

j[<f>i (^) + i>A^)} ^ = J <^i (^) d^ +j<f>2 (^) ^ ; 
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or at least the two expressions which we assert to be equal 
can only differ by a constant, for if we differentiate both we 
arrive at the same result, namely, <f>^ (a?) + <f>^ (a?). 

Also, if c be any constant quantity 

jc^(x) clx=:cj<f){x)dx; 
or at least the two expressions can only differ by a constant. 

9« Immediate integration. 

When a function is recognized to be the differential coeffi- 
cient of another function we Know of course the integral of the 
first. The following list gives the integrals of the different 
simple functions ; . ** 

/ sina;(£c = — cosx, / cos a? da? = sin a?, 

I — T" = ta^i ^j I . a = — cot 
J COST X ' Jsm'a? 



X, 



I 



I 



dx . «, a? ..a? 

-rn — TK = sm * - or = — cos - , 
^J^ar — ar) a a 

dx \ ^ ^x 1 . .| a? 

!-tan^- or = — cot^-. 



a*-Haj* a a a a' 

10. Integration by substitution. 

The process of integration is sometimes facilitated by sub- 
stituting for the variable some fimction of a new variable. 
Suppose ^ (a?) the function to be integrated, and a and h the 
limits of the integral. It is evident that we may suppose 
a; to be a function of a new variable z, provided that the 
function chosen is capable of assuming all the values of x 
required in the integration. Put then x =^f{z)y and let a' and 
V be the values of z, which mhkef{z) or x equal to a and b 
respectively; thus a=s/(a') and b=f(b'). Now suppose that 



/• 

J a 



INTEGRATION BY SUBSTITUTION. 7 

-^ (a?) is the fiinction of which ^ (a?) is the differential co- 
efficient, that is suppose ^ [x) = ^ ' ; then 

%{x)dx = '>^{h)'-'^{a) 
But by the principles of the Differential Calculus, 

therefore f {/{b')} - f {/{a")} = f *'.^ {/{>>)} f'{z) dz 

thus \ 4i{x)dx=^\ <l>{x)^dz. 

This result we may write simply thus 

j<l>{x)dx^j<l>{x)-^dz, 

provided we remember that when the former integral is taken 
between certain limits a and J, the latter must be taken 
between corresponding limits a and b\ 

11. As an example of the preceding article let 

-jjT — — jjT be required. Assume x^a — z, then — = — i, 

and 2aa; — aj" = a* — «". Thus 

[ dx _ f 1 dbsy ^ [ dz 



/ 



-1 ^ »i a — a? ^ a? 

= cos * - = cos * = vers^ - . 

a a a 



Again, let / — 77- ^ be required. Assume x = :; . 

thus 

da;_ g , f ^ _ f 1 dx j 
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_ r _dz 1 r dz 

"jaV{2(l-i5)-(l-;3)'l"aJV(l-«") 

1 . _i 1 . _iaj — a 

= - sin = - sm . 

a ax. 

Here we have found the proposed integrals by substituting 
for X in the manner indicated in the preceding article. This 
process will often simplify a proposed integral, but no rules 
can be given to guide the student as to the best assumption 
to make ; this point must be left to observation and practice. 

12. Integration hy parts. 

T. ,, .. d(uv) dv , du 

From the equation — 3—^ = w ^- + 1; j- 

^ ax ax ax 

we deduce by integrating both members, 

r dv J , f du J 
uv=^\u^-ax + \v-r dx, 

therefore lu-r-dx = wt? — Iv-j- dx. 

J ax J dx 

The use of this formula is called " integration by parts." 

For a particular case suppose v = x] then we obtain 

judx=iUX^lx-T-dx. 
For example, consider / x cos ax dx. Since 



cos oa? = - 



1 d sin ax 



a dx ' 
we may write the proposed expression in the! form 

fx d sin ax , 
ax J 



II 



a dx 

* . X 

and this, by the formula, supposing t* = - and v = sin aa?, 



X sin ax ^ Tsin ax , 
a J a 
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"a J a 



X sin ax cos ax 

: H -=— . 



f « 7 faj' rfsinoic. 
Again, jarcoBaa;aaj= I ^ — ax 

a? sin ax f2x . , 

= I — sinaxctx 

a J a 



a? Bin ax f2xd cos aa? 



sinoa? f 
a J 



a' die 
0? sin ooj 



dx 



2x COS ax [2 cos ax , 

+--^^ — J— ^'^ 



a? sin oo; 2a; cos oa; 2 sin ax 
If 



+ — ^. a" 



f . , fsinaxdef^ J 
Again, I e*" sin oajdaj =1 — ^ flte 

sinoa? ^^fae'^cosax 



c J c 



dx 



mnax ^ facosaxd^ 



[acosi 



dx 



c J c dx 

c (? J ^ 

B7 transposing, 

(\-\-^ f^sinaxefe = — fsinaa;-%osaa:j, 

r . _ e** (c sin aa? — a coso^ 
therefore J f sm axdx = ^IV " 

Similarly we may shew fhat 



/■ 



e** (c cos oa? + a sin oa?) 
e** cos oar aaj = — ^ ?+? ' 



/ 



10 EXAMPLES OF INTEGBATION. 

13. The differential coefl&cient of any function can always 
be found by the use of the 'rules ^ven in the Differential 
Calculus, but it is not so with the integral of any assigned 
function. We know, for example, that if m be any nom- 

ber, positive or negative, except — 1, then la^dx^ r, 

J m + 1 

but when w = — 1 this is not true ; in this case we have 

. — = logaj. If however we had not previously defined the 

term logarithm, and investigated the properties of a logarithmy 
we should have been unable to state what function would 

give - as its differential coefficient. Thus we may find our- 

selves limited in cur powers of integration from our not 
having given a name to every particular function and investi- 
gated its properties. 

In order to effect any proposed integration, it will often 
be necessary to use artifices which can only be suggested 
by practice, 

14. We add a few miscellaneous examples. ' 

Ex. (1). L{cF-a?)dx. 

U{c?'-c^dx=xi^l^cf — a?) + \ ji %_ «N > hy Art. J2, sup- 
posing u == V(a' — a^) and v == oj. 

therefore, by addition, 

therefore (>/{€^ -a^dx= '"^^'^-'^ + ^ sin-' - . Art. 9. 
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Assume *J{a?-h€f)=^z — x, therefore a' = »" — 2«a;, 

dx Z'-x 

dz^ z * 
TT f dx fl dx J [dz , ' 

= log{a! + V(a^+a!^}. 

As in Ex, (2), we may shew that the result is 
log{x+V(a^-o*)|. 

Ex. (4). L{a? + c?)dx. 
jV(a^ +a*)dx=x >^{a? + a*)- 1 .^^ by Art. 12. 

therefore, bj addition, 

therefore |v(a^+ a*) <fo=?i^(^±^ + ^'log {x + V(a^+ a*)}. 
Similarly jV(a? - a*) «fo = ^^^^=^ - 1* log {a + VC**- o*)}. 

Ex. (5). f ,, ^f'^ ., . 

/• dx 1 r dx 

j»/{a + bx + caf) *jc} /(a bx ^\ 

Vcj /(/ ^ft\' 4«<'-**l■ 
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Patting 0?+— = 2f, our integral becomes, hj (2) and (3), 

-J- log {2cx + 6 + 2 Vc V(a + i^ + <^)}f 

where we omit the constant quantity — log 2c. 

Y c 

In a similar manner, by assuming « = a? + ^ we may make 



\»J{a-\'hx-\-CQi?)dx depend upon Ex. (4). 
dx If dx 



2c 



r dx _ 1 r 

j^{a-\-hx—ax?) *Jcj //^ ,^_^^ 

Put ^* for — — ^ — and « for aj — — , then the integral be- 



comes 



1 t dz 1 • 1 . 1 . -1 « 



In a similar manner, by assuming « == aj — — we may make 
j'^(a + bx''ca?)dx depend upon Ex. (1). 

Pat „-l, e^j-^^-^.j-^^-^^d!, 
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§y :__! f dy __1 



_ f dy : _ If 



,ii-^^—a}^jjr-:y--a 



= — sm ay 



1 . -1 a 

= — sm ^ - , 
a X 



Since sin"^ - + cos"* - = ~ , a constant, we may also write 
our last result thus, 



k 



dx 1 ^.a 

- = -cos *- . 



\J{a?'-c?) a x' 

By putting a? = -, as in Ex. (7), we deduce for the 
required result 

1^, X 



Ex. (9). f-^^andf-^. 
^ ' J {x—a) ■ J x — a 

t dx 1 1 

iix-ay' m-1 (a-a)"-'' 

These are obvious if we differentiate the right-hand 
members. 

J of — a: 2aJ\x — a x + aj 

__ 1 r da? 1 C dx 
'"2aja? — a 2aja? + a 
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This supposes ^-^^ positive; if ~T^ ^ negative, we 

must write 

[ dx _ 1^ g-a? 

f dx _l[ dx 

Ja + bx+ca?' cjf . h\\ 4ac-y ' 

4ac--5» 
namely 



If _^5^_- — be negative, we obtain the integral by Ex. (10), 

4C 



.log 



2ca? + a-V(y~4ac) 



en by Art. 1 
_i 2caj + J 



If . ^^ , — be positive, then by Art. 9, the integral is 
4c 



tan" 



V(4ac-J»)'^ V(4ac-6»)* 



^+4^+s-4^ 



cZcB 



J a+bx+car J a + bx + car 

^ A f 2cx + b ^ (b^^) [ 

2c J a+bx+ca^ \ 2c J J a+bx+cal^ * 

A 
The former integral is — log {a + bx + ca?)^ and the latter 

mC 

has been found in Ex. (11). 
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Ex. (13). f— . 

[ dx fcosxdx f dz .J, 

fe= J-E3?^ ^JTi:?-' ^^*=«"^^' 

= ilogl±^=logcotfr_?). 
' ® l-sinaj * \i V 

Similarly f-^ = logtanf. 

'' Jsmx ° 2 

Ex. (14). f ^fr , and f ^f . . 
Ja + b coax"^ J / . .a: . 2«\ . x / «» • s«^ 



-/• 



sec* - da? 



a; 



a + i+(a-5) tan'^ 

— 2 I , T , / jT-r, if« = tan-. 

Hence, if a be greater than h, the integral is 
ci // i\ ft tjia — h) tan -; 

W^ ^{a + b) ^"^VCa"-**) V(a + &) 

and if a be less than by 

1 .^^ gV(5-a) + V(&-ha) 
V(y-a») ^«V(4-a)-V(* + a)' 

J V(i-«)tan| + V(i + a) 

or -T7T| — R log 

^^^"''': V(i-«)tan|-V(J + «) 
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dx 



To find I r— : — assume a? = ? -f « ; ttus the integral 

Ja + bsinx 2 

r dz * 

becomes I 5 , which has iust been found. Or we may 

Ja + bcosz ^ 

proceed thus, 

[ dx _ f dx 

ja + 6sina?""J / . -^ . i^\ . «i: • ^ 
. '^a(sm'- + cos*-l+2Jsm- cos- 



X 

2 



■/- 



sec' - dx 



^l+.tan«|)+2Jtan| 



~ 2 I /I . 8x . oi J if « = tan - , 
J a (1+ r) 4- 2 J« ' 2 



Put y = « + ^, and the integral becomes 
dy 



2 /- tf y 



/; 



a 

and this can be found as before. 

In any of these examples, since we have found the in- 
definite integral, we can immediately ascertain the definite 
integral between any assigned limits. For example, since 

therefore 

15. The integral /a?^* (a + Jaj*)«dS» can be found imme- 
diately if-^is a positive integer, for (a + Ja?*)«can then be 

expanded by the binomial theorem in a finite aeries of powers 
of a;, and each term of the product of this series by oT"* will 
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be immediately integrable. There are also two other cases in 
which the integral can be found immediately. 

For assume a + Jaj*=^; 

therefore x={^)\ | = ^(^)' • 
Hence jaT-' (a + hxydx = /«"-" (a + ba^Y g dt 

If — Je a positive integer we can expand (<* — a)*~*in 

a finite series of powers of t, and each term of the product 
of this series by ^^^^ will be immediately integrable. 

Again, |aj*"^(a + &aj*)«rfa: = /a?* (aaj"* + J)«(&; 

and by the former case, if we put ax^+l^fiy this is im- 
mediately integrable if 

pn , 



— n 



be a positive integer ; that is, if — h - he a negative integer. 

In the first case, if — were a negative integer the integral 

might still be found, as we shall see in the next chapter, and 

similarly, in the second case, if — h ^ were a positive integer : 

n Q 

but as in these cases some further reductions are necessanr, we 

do not say that the expressions are immediately integrable. 



Ex. (1). {a?{a + x)^dx. 



T. I. C. 
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Here — = 3 : assume a-\-x^t\ the integral becomes 
n 

2 Ue - dfedt or 2 [(^ - 2a«* + aV) cZe, 
which gives 

thus \a?{a-\'x)^dx = 2{a^'x)^l^^^^ 

Here m = — 1, » = 2, ~=""2' 

therefore r "^ ;;; ~ ^^^ 

n 2' 



Assume a5"*+l = ^'; 

1 
V-1 



, 1 
therefore ^ = ^5 r > * 



and 



dx ^ t 



Substitute for x and -^ their values, and this becomes —J dt, 
which = — < or . 

X 

Here m = l, n = 2, ^ = --, 
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therefore ^+£ = _1 

Assume o'a?-* + !=»<«, 

therefore a? = ^ 



fib 

f— ^ /• ^ J. i/-(i^_ 1 

■' (a»+a^)» j a;' («'«-» + 1)4 a*] f-'^t 

_ X 

~a.V(o' + a5')' 

EXAMPLES. 

2. jloga!<& = a!(loga;-l). 

3. /a:-log^&. = ^|loga.--l^|. 
4.- j^ sin ^ <;^ = - ^ cos ^ + sin ^. 

^* /y (^^) '^= V(»»aJ + a;^ + TO log {Va> + V(»» + a:)}. 

This may be found hy putting x = s\ 
7. ja!tan-'a;db=i-t^tan-'a?-iaj. 

S.^f{l-coBxydx^^^2Bmx + ^. 

2—2 
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f Xdx _ 1 1 

'^ J(l-a;)» l-a!"^2(l-.'-^»' 



•a.)» 



fa^^da? 1 , a* + aS 



11. jV(2aa;-(r^&! = ^V(2o«-a^+j8in-*^. 

14. I ; — die = log (35 + sin a?). 

15. h-; da?=ajtan-. 

J 1 + cos a? 2 

ifi f ^ 1 

^^- Ja?(loga:r" (n-l) (loga;)-^- 

-^rj f Og£Og£j ^ ^ iQg g. ^ iQg (iQg ^j _ iQg ^^ 

J a? 

j 2 a*+(m+n)* 

, e"' asin(m — n)a?— (m — n) cos (m~n)a? 

21. le"* cos'a; da? = J le"^ (cos Sx + S cos a?) db 

6"* . 3e"* 

= — (3 sin 3a?— cos 3aj) + -^ (sin a: — cos x). 
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22. 
23. 



Jo 4 

I V(2aa; — a^ da; = -^. 



24. 1 vers""* - do? = Tra. 

Jo 



a 



Proceed thus ; let vers"* - = ^, therefore a = a (1 — cos ^), 
and the integral becomes I ad sin d0. 

Jo 

f 



25. I a?vers*-daj= — — -. 
/o « ^ 

26. ar vers * - dx = — - — . 
Jo a ' e 

27. [ sin»dcos»drf5 = iV- 



28. [^ 1 logtanff + f). 

Jsmx + cosa? V2 V2 8/ 

29. [__^__. 

Jxts/{a-\-bx-\'Ca?) 

Put a; = - and this becomes a known form. 

This may be obtained by putting sin~*aj = 0. 

C sin""* a? 

31. I ^dx = tan d + loffcos 0. where sin d=: a;. 

J(l-a:^)* ® 

32. l-rz zi = -4 (cot H — -— ) , where a? = a cos 5. 

J(a*~aj^* « V 3 y 

Oft f sin'a;efe _ / a + i ^i »i Vatana? a? 
'^'^- ja + Jcos-aj'V"^?"; ^ V(^Ti)"T 
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34. ja^^{a + ba?)dx=(^^-^^{a+J^ 

dx _ (2ic*-l)V 
'/{1 + a?) 3a!» 



a^ f tfe _ (2a:'-l)V(l + a^ 

36. jiiai*'0dd = ^^-jt&n'^ede 

=2^-£-3+ -(-ir-+(-i)"^. 

a? being = tan ^, 

37. Shew that I sin^no; smna;<£z; and I cosmo^cosnxc^ 

^ J y TT . 

are zero if m and w are uneqital integers^ and = -5 if 
m and n are cjwaZ integers, 

38. f jlog Ql'dir = X jlog QJ- 3a? jlog 4 + 6a; log | - 6a;. 

39. / 8/^ . ^\ ^= —— ^tan^ — logcos^, where cotd = a?. 

40. fgg±^ /(^)db=.v(«'-a:^- ^frf - 

r -1^; 

I vers - J 

41« I /;^ jv da; = i ( vers"^- ) . 

42. I —-- = -771 ox- cos""* c, if c is less than 1. 

Jjjl + ccosa? \/{l — (?) 

43. f** c-»cos'^rf^ = :ft(e*'+6-»'). 

44. I — L 7 q!j^ . 4x * Assume « = a; +-. 

Ja;V(l + 3a;^+a;) x j 



45. 



'(aH-Ja;")*da; 



, 1-^ i , Assume a+Ja; =2. 



23 



CHAPTER n. 

RATIONAL FRACTIONS. 

16. We proceed to the integration of such expressions as 

where A^B^..,A!^ J?',... are constants, so that both numerator 
and denominator are finite rational functions of x. If m be 
equal to w, or greater than w, we may by division reduce the 
preceding to the form of an integral function of a?, and a 
fraction m which the numerator is of lower dimensions in x 
than the denominator. As the integral function, of x can be 
integrated immediately, we may confine ourselves to the case 
of a fraction having its numerator at least one dimension 
lower than its denominator. In order to effect the integration 
we resolve the fraction into a series of more simple fractions 
Q.^^di partial fractions^ the possibility of which we proceed to 
demonstrate. 

Let p. be a rational fraction in its lowest terms which is 

to be resolved into a series of partial fractions ; suppose V a 
function of x of the n*** degree, and TJ a function of x of 
the (» — 1)"* degree at most ; we may without loss of gene- 
rality suppose the coefficient of a^ in F to be unity. Suppose 

F= (aj-a) (a?-i)''(a:»- 2aa; + a' + /3») (a:'- 270: + t' + S")', 
so that the equation F= has 

(1) one real root = a, 

(2) r equal real roots, each = J, 

(3) a pair of imaginary roots a + ^ V("-l)> 

(4) s pairs of imaginary roots, each being 7 + 8 V(— !)• 
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By the theory of equations Fmust be the product of factors 
of the form we have supposed, the factors being more or fewer 
in number. Since V is of the n^ degree we have 

l + r + 2 + 2« = n. 
Assume 



Cx + D 



V x-a"^ [X'^by'^ [x^b)^'^ {x-\)^ '^x-b 



^aj*-2aa? + a* + /S* 
E.x-^'F^ E^^rF^ Efii^-F. 

where -4, B^y B^^.^.C, 2?, JS^,... are constants which, in order 
to justify our assumption, we must shew can be so determined 
as to make the second member of the above equation identi- 
cally equal to the first. If we bring all the partial fractions 
to a common denominator and add them together, we have V 
for that common denominator, and for the numerator a func- 
tion of X of the {n — 1)^ degree. If we equate the coefficients 
of the different powers of x in this numerator with the cor- 
responding coefficients in U^ we shall have n equations of the 
first degree to determine the n quantities A, B., !Sj,... and with 
these values of ^, JB., &>••• *^® second member of the above 

U 

equation becomes identically equal to the first, and thus -^ 

is decomposed into a series of partial fractions. 

If V involves other single factors like a; — a, each such 

A 

factor will give rise to a fraction like , and any repeated 

X — a 

factor like (x — by will give rise to a series of partial fractions 

B B 

of the form -; — ^,. , -. ^^-^ , &c. In like manner other 

\X — u^ \X — uj 

factors of the form oj*— 2aaj + a* + /3* or (a;*- 27a; + 7* + 2*)* 
will give rise to a fraction or a series of fractions respectively 
of the forms indicated above. 

17. The demonstration given in Art. 16 is not very satis- 
factoiy, since we have not proved that the n equations of the 
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first degree which we use to determine -4, B^, 5j,.- are inde-- 
pendent and consistenU 

A method of greater rigour has been given in a treatise on 
the Integral Calculus hj Mr Homersham Cox, which we will 
here briefly indicate. Suppose Fl^x) to contain the factor 
X'-a repeated n times ; we have, if 

F{x) = {x-aY^{x), 

F{x) ~{x- a)' yff {x) {x-a)' f (x) "^ (a; - a)' ' 

Now d>(x)— , , [ -^ (x) vanislies when x = a, and is there- 
^ ^ ' y (a) ' 

fore divisible hj x — a; suppose the quotient denoted by x(aj), 

then 

F{x) {x - a)-'-f (aj) "^ ^ (a) (a; - a)' ' 

The process may now be repeated on , _ \n-i^/ \ ' ®^^ 

thus by successive operations the decomposition of ^. . 

completely effected. In this proof a may be either a real 
root or an imaginary root of the equation F {x) =0; if 
a = a + )8V(— 1)> then a — )8V(— 1) will also be a root of 
F(x)=iO; let b denote this root, then if we add the two 
partial fractions 

<l>ia) 1 4>{b) 1 

we shall obtain a result free from V(""l)- 

18. With respect to the integration of these partial frac- 
tions we refer to Examples (9) and (12) of Art. 14 for all 

the forms except -r-y^ — , M\m > *^d this will be given 
hereafter. 

Having proved that a rational fraction can be decomposed 
in the manner assumed in Art. 16, we may make use of 
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different algebraical artifices in order to diminish the labour 
of determining A, B^, B^, &c. The most useful consideration 
is, that since the numerator of the proposed fraction is tdenti" 
colly equal to the numerator formed by adding together the 
partial fractions, if we assign any value to the variable x the 
equality still subsists. 

19. To determine the partial fraction corresponding to a 
single factor of the first degree. 

Suppose ^]-\ represents a fraction to be decomposed, 
and let F{x) contain the factor x — a once ; assume 



4>{x) ^ A xW 
F{x) x — a^^(x) 



.(1), 



V \X\ 

where -4 is a constant, and , ) ! represents the sum of all 

^|r {x) ^ 

A 

the partial fractions exclusive of , and F{x) = {x—a) yft {x) . 

X''^a 

From (1) 

4>{x) = Aylt{x)+{x^a)x{^) (2). 

In (2), which holds for any value of «, make x==a, then 

therefore A = . , . 

Since F'{x) = ■^ (a?) + (a; — a) ■^' (x), we have 
F\a)^f{a), 

therefore A = '%,\ \ . 

M (a) 

20. To determine the partial fractions corresponding to a 
factor of the first degree which is repeated. 

Suppose F {x) contains a factor x — a repeated n times, 
and let F{x) = (a? — a)* yjt (a?). Assume 
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4>(^)_ A A A, A^ v(x) 

F{x) (aj-a)*'*"(a?-a)*-^'^(aj-ar-» "^ a? - a "*" -f (a;) ' 

where ^-j-l denotes the sum of the partial fractions arising 

from the other factors of F{x). Multiply both sides of the 

d> tx) 
equation by [x - of and put f{x) for -^^ {x — a)"; thus 

/(a,)=J,+^.(«-a)+^.(a;-a)«...+A(x-a)-+^(x-a)-. 

Differentiate successively both members of this identity 
and put a? = a after differentiation ; then 

/(«)=A, 

/"(«) = 1.2^., 
/"'(a)=l34„ 



/■'-'(a) = [n-lA. 
Thus -4j, -4j,... -4, are determined, 

21. *3b determine the partial fractions corresponding to ft 
pair of imaginary roots which do not recur. 

A (x) 
Let ^77-T denote the fraction to be decomposed; and 

a ± i8 V (— 1) ft Pftir of imaginary roots ,• then if we denote 
these roots by a and b and proceed as in Art. 19, we have 
for the partial fractions 

IR 1 ^^.<f>{h) 1 
F'{a) x-a "^^ F\b) x-b' 

Suppose ?, V g=^ — jBV(— 1) ; tli^ii since -^rW; may te 

obtained from -pTy-r by changing the sign of V(— 1)> "^® 

must have yiijjn: = A + jBi/(— 1). Hence the fractions are 
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a.-a-/8V(-l) * a:-a + /8V(-l)' 
i^nd their sum is 

2A(x'-a)'\'2B0 

22. Or we majr proceed tKus. Suppose oj^ —px + y to 
denote the quadratic factor which gives rise to the pair of 
imaginary roots a ± )8 V (— 1) ; then assume 



<l> {x) Lx + M 






F{x) a?- px + q^ylr{x) 

SO that F{x) = (a^ -px + q)'^ {x). Multiply by F {x) ; thus 

4>{x) = {Lx + M)^|r{x) + {a?•-px + q)x{x) (1). 

Now ascribe to x either of the values which makes 
a^—px-^q vanish; then (1) reduces to 

4>{x) = {Lx + M)ylr{x) ; (2). 

Now by the repeated substitution of ^a? — y for a? in both 
members of (2), we shall at last have x occurring in the first 
power only, so that the equation takes the form 

Px+Q = rx+Q'. 

Now put for X its value a + )8V(""l) *^d equate the co- 
efficients of the impossible parts ; thus 

P= P' and therefore also Q=^ Qf. 

Here P and Q are known quantities, and P and (^ involve 
the unknown quantities L and Jf to the first power only, so 
that we have two equations of the first degree for finding L 
and M. 

23. To determine the partial fractions corresponding to a 
pair of imaginary roots which is repeated^ 

We may proceed as in Art. 20. Or we may adopt the 
following metnod. Suppose af—px+q to be the quadratic 
factor which occurs r times ; assume 
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F{x) {a?^px+iY "^ {af-'px'Vg)^' "^jc^-^^a+j ^^/r (a;) ' 

so that F{^x) = (a^- pa? + qf yfr (x). Multiply by F (a?) ; thus 
4> {x) = {L^+M,) ir{x) + {L,_^x + M,_,) (o^^px + q) ^(a?) 

+ + {^-FX + qYx{^) (1). 

Now ascribe to x either of the values which makes 
af—px-hq vanish ; thus the equation reduces to 

<l>{x)^{L^ + Mr)ir{x). 

Proceed as in Art. 22, and thus find L^ and M^. Then 
from (1) by transposition we have 

4>{x)'-{L^+Mr) ir{x) = {L,^,X'^M,_,){x'-px+q) t(aj)+... ' 

The right-hand member has a^—px + q for a factor of 
every term ; hence as the two members are identical we can 
divide by this factor. Let 4^^{x) indicate the quotient ob- 
tained on the left ; then 

il>^{x) = (A.,aj+if..J it (x) + (A_a: + if.J (a^-px + q) ^ (a:) 

+ + (a^-i>^ + ?r*X(^) (2). 

From (2) we find j&,.j and iM^_j as before ; then by trans- 
position and division 

^,(aj)=(i,.,a?+i/;j i^(x) + (A.^+lC_3) (a^-^a?+j) f (a?)+... 

and so on until all the quantities are determined. 

24, Take for example '73-- t-ztti — ttts • Assume it 

^ (ar + a? + 1)' (a; + 1)* 

equal to 

L,x + M^ L,x + M, xW , 

(a? + a? + l)*'*"ai* + a? + l'*"(a?4-l)'' 

then a5"-3a?-2 = (i^ + Jf,) (» + !)• 

'h{L,x + M;j{a? + x+l){x+iy+{a? + x + iyx{^) (!)• 
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Suppose a?" + a; + 1 = ; thus the equation reduces to 
05?* - 3x- 2 = (i^ + JfJ {x+ 1)" 

Put — aj — 1 for a^i thus 

. - 4a; - 3 = {L^ + M^)x^ Lff + Mfi 

= ~i,(a? + l) + ili;ar; 

therefore --4 = --jLj + Jfj, and — 3 = — X^; 

thus A^^^j ^"^^ Jf, = — !• 

From (1) bj transposition 

a»-3a?-2-(3a;-l)(aj+l)" 

= (X,a; + JfJ(a;* + «:+l)(a;+l)»+(aJ» + a5+l)"x(aj)- 

The left-hand member is — 3a;' — 4aj' — 4aj — 1 ; divide by 
a;'H-a;+l; thus 

, -(3a;+l) = (A«+ifi)(« + l)' + (ai" + a;+l)x(a;) (2). 

Again, suppose a;" + a; + 1 = ; thus 

- 3a; - 1 = (Aa; 4- M^ (a?* + 2a; + 1) = (X^a; + ifj a; 

= -X,(a;+l)+ifia;; 

therefore — 3 = — i^ + JI/j, and — 1 = — i^; 

thus A " ^ *^d Jfj = — 2. 

Thus the partial fractions corresponding to the quadratic 
factor are found. The partial fractions corresponding to the 
factor (a;+ 1)' may then be found by Art. 20. Or we may 
from (2) by transposition and division by a;^ + a; + 1 obtain 

Thus 
yM!__ x-\ _ g + l , 2 1_ 



(x+l)»~ (»+!)'" (a;+l)»^(aj+l)'' a + l ^ (» + !)«' 
therefore 

a:* -3a! -2 _ 3a;- 1 a;-2 2 1_ 

(ai'+a;+l)''(aj+l)"~(»'+a!+l)*'*"a;^+aj+l'''(«+l)" aj+1* 
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5x^+ 1 
25. Examples. Required the integral of -^ — . 

By division we have 

5a7'+l ,. ..... 35a:- 29 

; = 5aj + 15 + 



aj^--3a5 + 2 ^ ^a;'-.3a; + 2* 

. 35x^29 A , B 
Assume -^ — ^= 7 + 



x^-Bx+2 ic-1 a?-2' 
therefore 35a; - 29 = .4 (a? - 2) + 5 (a? - 1). 

Make a? successively equal to 1 and 2 ; then 
35-29 = -^, or ^ = -6, 
70-29= J5, or B= 41; 

therefore -a — 5 — r-^ = 5aj + 15 + 



aj'-3aj + 2 ^ aj-1 aj-2' 

therefore To ^ ^=^ + 15a;-6log(a;-l)+411og(a;-2). 

-D • J *i, • * ^ c 9a?*+9a?-128 
Required the mtegral of ^,,^^^3^^^ . 

Since a?' — 5a?' + 3aj H- 9 = (a? — 3)' (a; H- 1), we assume 
9a;'+9aj-128 _^ , B^ . -^9 . 



a;'*-5aj'* + 3a; + 9 a; + l ^ (aj-3)'^aj-3 ' 
therefore 9aj'+9aj-128= J. (a;-3)'+5,(a;+l) +J?,(a;+1) (i»--3). 

Make a?= 3 and — 1 successively, and we find 

^, = -5, -4 = -8. 
Also by equating the coefficients of a?y we have 
9 = 4 + 5,, 
therefore -Bj=17; 

therefore 
9a;*+9aj- 128 , «i , •% . 5 



.h 



-,-j^^^^,&, = -81og(.+ l)+j-^3 + 17log(.-3). 



30 DECOMPOSITION OP RATIONAL FBACTIONS. 

Suppose a^ + a; + 1 = ; thus the equation reduces to 

Put — a? — 1 for a?; thus 

- 4a?- 3 = (i^ + JIf,) X =» Ljx? + M^ 

= -i,(aj + l)+if,ar; 

therefore ~4=-i, + ifj, and -3 = -Xj; 

thus A=^> ^"^^ if, = — 1. 

From (1) by transposition 

aj»-3a:-2-(3a?-l)(a?+l)' 

= (i,aj + JfJ(a?' + «^+l)(a5+ir+(aj' + a:+l)"x(^)- 

The left-hand memher is - 3a;' - 4aj" - 4aj - 1 ; divide by 
a' + aj+l; thus 

, ^{3x+l)^{L,x-{-M;){x + lY + {a? + x+l)x(^) (2)- 

Again, suppose a?^ + a; + 1 = ; thus 

- 3a? - 1 = {L^x + JfJ (a?" + 2a? + 1) = {L^x + ifj x 

= -ij(a? + l)+if,a?; 

therefore — 3 = — i^ + JI/j, and —1 = — 2/i; 

thus jLj = 1 and Jf^ = — 2. 

Thus the partial fractions corresponding to the quadratic 
factor are found. The partial fractions corresponding to the 
factor (a?+ 1)" may then be found by Art. 20. Or we may 
from (2) by transposition and division by a?^ + a? + 1 obtain 

~(a?-.l) = x(»)- 
Thus 



X(a?) _ x-1 a?+l 

/,>._L1\«~" /'^_i_i\a"" /,^_Li\a^"" 



(a?+l)" {x + iy (a?H-l)"^(a?+l)«'" a?+l (a?+l)'' 
therefore 

a^-3a?--2 3a? -1 a?- 2 



-« + ^_.^^i + 



(a:"+x+l)''(a?+l)« (a?*+a?+l)»^a?'+a?+l'^ (aj+l)" x+V 
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5aj*+ 1 
25. Examples. Required the integral of -^ — . 

Bj division we have 

5a?' +1 ., .... 35a;- 29 
; = 5iD + 15 + 



. 35a; -29 A , B 

Assume -s r --zr = r + 



a?*-3a;+ 2 a?-l a;-2' 
therefore 35a; - 29 = u4 (a; - 2) + 5 (a; - 1). 

Make a? successively equal to 1 and 2 ; then 
35 - 29 = - -4, or J. = - 6, 
70-29= J5, or B= 41; 

therefore -« — r — —z = 5a; + 15 z + 



a;'-3a; + 2 ^ a;-l a;-2' 

r 5a;* + 1 5a;' 

therefore j-rZs~T2^ "^"2" + ^^^^ ^ ^^S (^■" ^) "^"^"^ ^^S (»-2). 

-D • J *u • * 1 ^ 9a;'*+9a;-128 
Required the integral of ^s^^^^^g^^^ . 

Since a;'— 5a5* + 3a; + 9 = (a; — 3)' {x + 1), we assume 

9a;'+9a;-128 ^ A B, ■ -g, . 

a;''-5a;» + 3a;+9"'a; + l'^(a;-3)»'*"a;-3' 

therefore 9ay"+9a;-128=^(a;-3)V^i(a;+l)+5j(a;+l) {x-3). 

Make a;= 3 and — 1 successively, and we find 

^^ = -5, ^ = -8. 
Also by equating the coefficients of a;*, we have 
9 = -4 + 5„ 
therefore 5^=17; 

therefore 
/'9a;'+9a;-128 , «i / . ,\ . ^ ,„i . „v 
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a? + 1 
Required the integral of z^; - i)« (a^ + i) ' 

_ A A A A B Cx+D . 

(a!-l)*^(a;-l)'^(a!-l)*^a!-l^a!+l^a?'-» + l' 

therefore «■+ 1 = {A^+A^ (x-l) +A,{x-iy+A^{x- 1)'} {a?+ 1) 
+ [B {a?-x+l)+ {Cx+I)){x+l)} {x-l)\..{l). 

Puta5=l, then 2 = 2A^ (2); 

therefore A^=l. 

From (1) and (2) we haVe by subtraction, 
a?-l=A^ {a?- 1) + {A, + A,{x- 1) +A, (x-l)'] {x - 1) (a^+ 1) 
+ {B {a?- a; + 1) + ( Cx+D) {x + l)]{x- 1)*. 

Divide by a? — 1, then 
x■\■l = A^{;^+x■Vl)■\■{A,^\■A,{x-l) + A^{x-l)*\{^a?■\■\) 
+ {J?(ic'-a;+l) + (C'a!+i?)(a;+l)} (x-l)»...(3). 

Put as = 1, then 2 = 3^i + 2^, (4); 

therefore ^, = — i. 

' From (3) and (4), by subtraction, 

a;-l=^^(a!'+a!-2)+^,(a^-l)+{^,+^,(a;-l)} (a;-!) (x'+l) 
+ {B{3f-x + l)+{Cx+D){x+l)}{x-l)\ 
Divide by a; — 1, then 
l=A,{x + i)+A,{a?-\-x + l) + {A, + A^{x-l)]{??+l) 

+{5(a^-a;+l) + (C*+2?) (« + 1)} (a?- 1)*...(5). 
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Put a;=l, then 1 = 3^4, + 3 J[, + 2^, (6); 

therefore -4, = — J. 

From (5) and (6), by subtraction, 

+ {B{a?'-x + l) + {Cx + D){x + l)}{x-'l)\ 
Divide bj a? — 1, then 
0^A, + A,{x + 2)+A,{a^ + x + l) + A^{af+l) 

+ {B{a?^x + l) + {Cx + D){x + l)}{x^l) (7). 

Put aj=l, then = ^4^ + 3^, + 3 Ji, + 2^^ (8); 

therefore -^4 = !• 

From (7) and (8), by subtraction, 

+ {B{a?'^x + l) + {Gx + D){x + l)]{x'-l). 
Divide by a? — 1, then 

0=^A^ + A^{x + 2)+A^{a^ + x + l) 

+ B{af'-x+l)+{Cx + D){x+l).........{d). 

Put aj = — 1, then 

^ 0^A^ + A, + A, + 3B. (10); 

therefore 5=i. 

From (9) and (10), by subtraction, 
0^A,{x+l)+A,{a? + x)+B{a?'-X''2) + {Gx + D){x+l). 
Divide by a? + 1, then 

= ^3 + ^^ + -B(a?-2) + Cx + D .....(11). 

Put a? s= 0, then 

A,^2B+D^0...:. .-(12);^ 

therefore i> = J. . •> 

T. I. c. 3 
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From (11) and (12), by subtraction, 

therefore 0^ = — §; 

therefore 



(aj-l)*(a:» + l)'"(a;-l)* 2(a?-l)» 4 (»-!)» 
5 1 2a?~l 

■*"8(a;-l)'^24(a;+l) 3{a^-x+l)' 

therefore] ^^_^^^, ^^3^^^ = " 3>3i7 + I^^Tip + I^i^iy 

+ 1 log (0^-1)+^ log (a: + l)-^ log (or^-x + l)- 

26. We will give as additional examples the integration of 
— s — - , supposing m and n positive integers, and m — 1 less 
than n. 

Required the integral of — — - , ri being supposed even. 

By the theory of equations the real roots of a;" — 1 = are 
1 and — 1, and the imaginary roots are found from the expres- 
sion cos rO + J (—1) sin rff, where = ~ , and r takes in suc- 

cession the values 2, 4, ...up to n — 2. Now by Art. 19 if 

<b (x) 

^q-r be the fraction to be decomposed, the partial fraction 

corresponding to the root a is ^/Vr • lu the present case 

<f> (a) dr-^ , dr dr . 

PT// N = — ii=i = — n = — > smce or = 1. 
F (a) na"" ^ nd!" n 

Hence corresponding to the root 1 we Jiave the partial 

fraction — ; rr- , and corresponding to the root — 1 we have 

.» ^a? -^ 1 j ^ 

the partial fraction i~!^\ • And corresponding to the pair 

of roots 

cosre±y(-l) sinrS 
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ve have 

(cos r0 + V(- 1) sin rg]"* [cos r0 -V(- 1) sin rg}"* 

n [a; — co&r^ — V(~ ^) ^^^ ^^1 ^ {a;— cos r5 + V(— 1) sin rO] ' 

that is 

co9mr0 + \/(— 1) sin mrO cos mrg — V(— 1) sin mrg 

n [a: — cos r0 — V(— 1) si^ ^^\ n {« — cos r^ -H V(— 1) sin r^}. * 

,, , . 2 cos 7wr0 (a; — cos r 5) — 2 sin mr 5 sin rd 

that IS —rji — :: n~7T\ • 

n{af — 2x cos rO + 1) 



/ 



aj*-l n(a;-l) n(aj + l) 

2 ^ cos mrO [x — cos rff) — sin mrd sin rO 
"^n (aj-cos.r5)* + sinVfl; ' 

where S indicates a sum to be formed by giving to r all the 
even integral values from 2 to n — 2 inclusive. Hence 

^ = llog(.-l) + (:^-log(a:+-l) • 
4- - 2 cosmr^ log (aj*-2aj cosr5+l) — S sin wr5 tan"^ — ; — ^- ^ 

27. Eequired the integral of -^ — -- , n being supposed 

odd. 

The real root of a?* — 1 = is'l, and the imaginary roots 
are found from the expression cosr5±V(— 1) sinr^, where 

d= — , and r takes in succession the values 2, 4, .., up to 

n — 1 . Hence as before we shall find 

1— jj— — = - log (a? — 1) + -2 cos mrd log (a^— 2a:cosr^+ 1) 

2 ^ . ^^ _,aj — cosr^ ' 
— S sin mrO tan — = — -k- • 
n sm rO 

3—2 
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28. Required the integral of ^ , n being supposed 

eTen. 

The equation a?*+l =0 has now no real root ; the imaginary 
roots are found from the expression cosrd + V("~l) Binr^, 

where ^ '= — , and r takes in succession the values 1, 3, .♦• up 

ton— 1. And if a be a root of 05^ + 1 = 0, we have 

thus the sum of the two fractions corresponding to a pair of 
imaginary roots is 

2 cos mr6 (x — cos rff) — sin mrQ sin tQ 
Hence 

l—^ — T ~ ^ cosfnrfi log (a? — 2aj cos r5 + 1) 

.'2<». /I. -iflJ-cosr^ 

+ - S sin TnrC tan — ; — a — i 

n Binru 

where S indicates a sum to be formed by giving to r all the 
odd integral values from 1 to n — 1 inclusive. ^ 

29. Required the integral of-i; — i-, n being supposed 

•C "T" A 

odd. 

The real root of a;"+ 1 =0 is in this case - 1 , and the imagi- 
nary roots are foimd from the expression cos r6 ± V(— 1) sin rO^ 

where 6= — and r takes in succession this values 1, 3, ... up 

to » — 2. Hence we shall obtain 



I 



•sf^dx (-1)""*, , ,^ 



- -» 2 cosmrtf log {a?^2x cosr^ + 1) + - S sinmrgtan"^ ^ -^^^/T " • 



— ^ OllX 7/*/ V MJUX i /% 

n sm w 
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EXAMPLES. 

- [ dx 1 ^ ^x , 1 , a + a? 

Ja—x 2a' a 4a' ^ a — x 

^ r2a? — 3a' , 5 ^ ..a; 1 , a — a 

5. 1—4 ^4-daj = — tan^-,— — log -— — . 

J 05* — a* 2a a . 4a ^« + o 

^- J (a5Vl)(a^4-a:4-l) ='2^^g"^Ti—^V3^ "V^ • 
^ f a?dx 1 , a?— 1 . \/2 . -.a? 

f ai* — 1 a^ — a; + 1 

11 r <^ 1 fi »+* . ^* -1*1 
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dx 



13 



/(a.-l)'(ai' + l)*=-T(^-*^'S(a'-l) 



+ i^'''"^-TJ^)+i^'>S{'^ + i)' 



^. ( xdx 2 1 1. /I . \ 

^*- i(l + a!)(H-2a!)'(H-»»)~5 1+2a; 2**^^ ''"'"^ 

" loo ^°S (1 + ^ + ^3 log (1 + 2a!) + - taa-» aj. 

_ fj^^ 1_, a^-g\/2 + l 

^^' ia;*+l~4V2 ^^a!' + a!V2 + l 

■ ' +2^{tan-'(ajV2 + l) + tan-'(a!V2-l)}. 

+ 2^ {tan-' (2a! - V3) - tan"' (2» + V3)}. 

18- /(H^^C^S^TS^)' Assume y-^. 



39 



CHAPTER III. 

FORMULA OP REDUCTION. 

30. Let a^-lx"" be denoted by X\ by integration by 
parts we have 

J m J m ^ dx 



= ^^-*^ \ar^X--dx (1). 

The equation (1) is called a formula of redtiction; by 
means of it we make the integral of a^'^X^ depend on that 
of a;"*"*'*"*-?'"*. In the same way the latter integral can be 
made to depend on that of af'^'^^X'^ ; and thus, if ;? be an 
integer we may proceed until we arrive at a?"'^^*-3r'^, that 
is a?***'"\ which is immediately integrable. 

From (1), by transposition, 

r «^-ijr^i^ = ^^ - ^ L^'X'dx. --if- 
J tmp onp J I 

Change m into w — n and j? into p + l; thus 

This formula may be used when we wish to make the 
integral of a^X* depend upon another in which the exponent 
of X is diminished and that of X increased. For example, 
if w = 3, w = 2, and p~ — |, we have 

f afdx a? 1 f dx 
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The latter int^ral has already been detennined, and thus 
the proposed integration is accomplished. 

Since juT^X'dx =jar^X'^ (a + faT) <& 

= ajoT^X^dx + hjar*^X'^dx, 
we have by (1) 

therefore faT^X'- dx^^^ -^^^±!^ [.T-^X'^ dx. 
J am am J 

Change j7 into p + lj and we hare 

f^.X'db=^:^-^i^±^±^far-X'&, (3). 

J am am J ^ ' 

Chaxige m into m — n and transpose, then 
, f^X'dx^^::^,-^^^ [ar--X'dx (4). 

We haye already obtained from (1) by transposition 
^ foT^X^dx = ^^ - ^ [oT'X'dx ; 

also jar'X'dx = ajar^X'^dx + hfar^X'-'dx; 

therefore [af^X'dx = a {aT'X^dx + ^^ - — (oT^X'dx • 

therefore (oT'X'dx = ^^^ + -^^ faT^X^'dx (5). 

J m + np m + npj ^ ' 

Change^ into j? + 1 and transpose ; thus 
(«r^X'dx=- ^-^^^ +^-"^^ faf^-^X'^dx (6). 
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31. If an example is proposed to which one of the pre* 
ceding formulae is applicaole, we may either quote* that 
particular fprmula or may obtain the required result inde- 
pendently. Thus, suppose we require I n^^^\ 5 ^^ ^^^® 

J -;/(«•- x^ - -J —^ — ^ ^ 

= - V(c' - a^ a^ + («i - 1) ja^ VCc* - aO <fe 

By transposition, 
therefore 

This result agrees with the equation (4) of the preceding 
article if we make = 0*, 6 = — 1, n = 2, p = --i, and change 
«i into «i + 1. 

Again, suppose we require 1 .. a , ^x • We have 
r (fa [ds/ja^ + a?) 1 ^ 

= — ^s« — +(w + l)J — -^^r-dx 
B7 transposition^ 



dx 
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and by changing m into w — 2 we obtain 

Jar V(a* + a^j " (w - 1) a'^uT'' {m - 1) a" Ja?"*^ V(«' + a?') 

(2). 

Another example is furnished by j-rj- gr, which may 

r x"*~^dx 
be written I .. _^ . ; if in equation (4) of the preceding 

article we make J = — 1, w = 1, ^ = — J, and change a and m 
into 2a and w + i, respectively, we have 

JV(2aa?-a?')"' m . w. JV(2aa?-a5*) 

(3), 

which of course may be found independently. 

32. In equation (6) of Art. 30 put a^c^^ m =• 1, n = 2, 
J = l, and^ = — r; thus 

f <fa a 2r-3 f <fe 

i(a:* + c7"2(r-l)c»(a;"+c»p'*"2(r-l)o«J(a:- + cT" 
This formula will serve to reduce the form 
{Ax + B)dx 



h 



f(a^-2aa? + a'' + iff')'' 

which occurs in Art. 18; for this last expression may be 
written thus, 

fA{x -oi)dx , ^^ . pN f ^ 
Ihatis 

-2(r-l){((r-a)' + ^r+^"^* + ^)J{(a;-a)' + /3'}- 
By putting as — a = a;', we have 

and thus the above formula becomes applicable. 
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33. These formulae of reduction are most useful when the 
integral has to be taken between certain limits. Suppose 
(f) (a:), X (^)> i^ (^)> functions of x, such that 

U (x) dx^x W +j'^i^) ^» 

then J (f> (a;)^5c = X (*) -X W + J '^ (^) ^' 

as is obvious from Art. 3. 

For example, it may be shewn that 

•J n 

suppose - a positive quantity, then x{<? — a?Y vanishes both 
when a; = and when a? = c. Hence 

The following is a similar example. By integration by 
parts 

{oT"^ (1 - x^ydx = - ^^^-^ x^' + ^p^ (1 - xydx. 

Hence TaT' (1 - a;)*-'<& = ^^ J aT* (1 - a;)* dx. 

Thna if r be an integer we may reduce the integral to 

I (1 - ;c)**^dx, that is to ; hence 

Jo n + r — 1 

♦ * ^1 »; '^ n(n+l)(» + 2) ...... (n + r-l)' 



i. 



34. The integration of trigonometrical functions is faci- 
litated by formulae of reduction. Let ^ (sin a;, cos x) denote 



44 waamcLM or SKmxnoH. 

JBTT '■■riiii dr SL^anieoBx; tiwB if wc pat sin 2;= 2r, we 

a anjK. 2»jr ir= <o ]=. ^ 1— j^.}-^dt 



= 41 ^ 






JK^ amccosx] ^sm'xoo^^; then 
am^x iaa^jn£jr= ^i* 1 -«^*«& (2), 



^ in :» id 3?T3t!iraK Jt JLrt^ 3l> w« pot a=l, i = — 1, 



1-«^.*^A 









i 



|j« l_s»»ri>i 



•^ ^^I'jir^ a— 3 



-- ---^-I^ -till- > l-^.«-i 



? 



^*'"*^ W^f^l -^ 



j-^:i-«*)»»^&. 



vT %xr 'inii w -» 9 ^ I> yK? X ^SBB. JT^ die fiiat of the above 
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85. The following is a very important case : 

r ' n J fdcoQx . -^1 , 

|sin*ajdir = - I —z — am!^^xdx 

= - cos a? sin*"* a? + (» — 1) I cos*a; sin""*a:dic 

= - cos 0? sin^'^o? + (n - 1) / (1 - sin'aj) sin*"*icdb7. 
Transposing, we have 

n laiD^xdx = — (50s a? sin*"* a? + (n — 1) lsin*"*aj<& ; 

-ii, r f • n J7 cos aj8in*"*a? . w — 1 f . , ., _ 

therefore 8m*ajda?=: |sm*^aje£c. 

J n n J ^ 

From the last equation we deduce 

rsin"ajdi» = I sin*"*a;da:. 

Similarly I sin*"^ajrfa; = — — I sin*"*a:e&?. 

Proceeding thus, if n be an even integer we shall arrive 

at I db or i^; if w be an odd integer we shall arrive at 
•'0 

/ sinajeic, which is unity. Hence, if n be an integer, 

I sm* xdx = ^ / »x / \.\ TT- K (^ even), 

Jo w(n-2)(w-4) 2 2 ^ ^ 

/'*'•«. (w-l)(n-3)(n-5) 2 , ,,, 

/ sm* xdx = ^ — / \.x / VcN ^— (^ odd). 

Jo n(n-2)(7i-4) 3 ^ ^ 

These two results hold if we change sin x into cos a?, as 
will be found on investigation. 

36. From the preceding results we may deduce an im- 
portant theorem, called Wallis's Formula. 
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Suppose n even ; then 



^smajflto- ^ 'w-2*n-4 4'2*2 ^^' 

*' . .-I J «-2 «-4 w-6 2 ,^. 

, 8m-'a.<fe=— ^.^^3.^-^ - (2). 



Now it is obvious tliat I sin*"*ic<& is less than 

•^ 

I sin*"'aje7a; and greater than I sin*a;c&; because each 

element of the first integral is less than the corresponding 
element of the second integral and greater than the corre- 
sponding element of the third integral. And it has been 
snewn that 

sin* xdx 

n— 1 



•' 



/, 



4» » 



sin*"* xdx 

' 
r4ir 



I sin*a:c?aj - 
/ /I ~ 1 
Therefore -^^ is less than 1 and greater than . 

I BUvT^xdx 

Hence the ratio of the right-hand member of (1) to the 
right-hand member of (2) is less than unity and greater than 

"" ; thus 



n 



TT 2.2.4.4.6.6 (w-2)(w-2 ) 

2^1.3.3.5.5.7 (n-3)(/i-l)' 

, 2.2.4.4.6.6 (n-2)(n-2) n 

1.3.3.5.5.7 (n-3)(n--l)n-l' 

EXAMPLES. 

1. ({a^-^a?fdx^^^^±^ 

J^ n+1 n + lj ^ ' 
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-^ 4. • I a:V(2aaj — i*)c&= — -. 

5. \x^sj{2ax-'a?)dx--j (2aa?-aj')* + -j jxjiJ{2ax-Qf)dx. 

■^ 6. ra:»V(2aaj-aO^=^- 
-f 7. ra?^(2ax ^oTjdx =^" . 

Y a;""*"* f 2 2 1 

10. f sec*drfd = |. 

11. r^#^^=f^-|)a'. 

12. Jsm'dcos'drf5 = -icos*d + ico8»d. 

13. f^T7|^-r3 = 3(tan^-cot'^+4(tan»tf-cot»^. 
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Suppose n even ; then 

f *» . , , n-1 n-3 n-5 3 1 tt „\ 

I Bm*xdx = . -. 7 T. « . o (1), 

J^ n n — 2 n — 4 4 2 2 ^ '' 



/. 



siii*"*ajc& = ^ — ..^^ — -.^?^ — - - (2). 

p n — In — 3n — 5 3 ^' 

Now it is obvious tliat \ Avi^'^xdx is less than 

^ 

I sin*"*a?(fo ajid greater than I sin*aj(£c; because each 

element of the first integral is less than the corresponding 
element of the second integral and greater than the corre- 
sponding element of the third integral. And it has been 
shewn that 



/, 



sin* xdx 

n— 1 



/. 



sm xdx 



. Jo 



W — 1 

Therefore - j^; is less than 1 and greater than . 

I sin*"^ xdx 

Hence the ratio of the right-hand member of (1) to the 
right-hand member of (2) is less than unity and greater than 

; thus 



n 



w 2.2. 4. 4. 6> 6 (n-2) (n-2 ) 

2^1.3.3.5.5.7 (n-3)(/i-iy' 



(n-3)(/i-l) 

, 2.2.4.4.6.6 (n-2) (n-2) n 

• 1.3,3. 5. 5,7 (n-3) (n-1) n-1 • 

EXAMPLES. 
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V 3. jx^{2ax -x*)dx=-^ {2ax - ic*)* + aU{2ax - a?) dx. 
-h 4. ■ f "a: V(2aa! -x*)dx=~. 

5. ja?>J{2ax-a>) dx=-^ {2ax-a?)i + ^ jx^/{2ax-a^dx. 

•f 8 

-f 7. ra?>/{2ax -aTjdx =-^' . 
J, 8 

9. J.-(log.r^ = ^{(log.)«-^logx4-^,}. 

10. I sec*^rfd = f 

11. r^#^d^=fj_|)a». 

12. jsm»dct)s'^rfd = -icos*^ + Jco8*^. 

^^' /B-idJ^3?^ = 3(toa^-cot-^+4(tan'^-cof^. 
,. f am'0dd _ sing . ,^ 1-sing 
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The limit of — — r when n is infinite and therefore h zero is 
sin- 

2 ; hence the required integral is 

^ . J + a . J — a ^ , 

2 sin —5— sin —5— = cos a - Cos 6. 

39. Bequired the limit when n is made infinite of the 
series 

n ^ n ^ n n . n 



This series maj be written 

'!''%''■%''"% '^1' 

putting A for - « we obtain 

*{l + rTI""*"l + (2A)' + i + (n^i)«A«}- 

Comparing this with Art. 4 we see that the required limit is 
what we denote hj \ ^^r— ? • Now I ^ = tan""*®; hence 

^ is the required limit. 

40. We define I ^{x)dx as the limit when w is infi- 

J a 

nite of 

Now let A and -B be the greatest and least values which 
6{x) takes between the limits a and i; then the series is 
less than 

(*i + *» + +^0^,' 
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and is greater than 

(A,+A. + +K)B; 

that is, the series lies between 

(J — a)ul and (ft — a) A 

The limit must therefore be equal to {b — a) G^ where is 
some quantity lying between A and JB; but since <l>{x) is 
supposed continuous, it must, while x ranges from a to ft, 
pass through every value between A and J5, and must there- 
fore be equal to U when x has some value between a and ft. 
Thus C ^ <f) {a + {b —a)], where is some proper fraction, 
and 



/) 



if) {x) dx= {b-a) <l)[a + {b-a)}. 



Similarly if '^{x) 'retains the same sign while x lies be- 
tween a and ft, we may prove that 

I <l>{x)^fr{x)dx=^<l>{a + 0{b-a)} | ir{x)dx. 

41. The truth of the equation 

j il>{x)dx = JV (a?) dx+j (f) {x) dx (1) 

will appear immediately ; for suppose y^ (x) to be the integral 
of (a?), then we have on the left-hand side 

f(ft)-t(a), 
and on the right hand 

ir{c)-f{a)+ylr(b)^yfr{c). 

In like manner the equation 

j ^(a;)&j=-JV(«)^ (2) 

is obviously true. We may shew also that 

I <l>{x)dx=^l <l>{a'-x)dx (3). 

4—2 
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For putting a — or = 2? we have 

I ^ (a — a;) da? = — I ^ («) <&, 

therefore I ^ (a — a:) cic = — 1 ^{z)dz 

•'0 J a 

= j'<l>(z)dz,hj{2). 
Jo 

Of course I <l>{z) dz = j ^ (a?) (fo, since it is indifferent whe- 
ther we use the symbol a? or 2? in obtaining a result which 
does not involve xor z. 

We have from (1) 

I (l>{x)dx— I ^{x)dx-\' j (f) (x) dx. 

The second integral, by changing x into 2a - x\ will be 
found equal to 



Hence 



I j>{2a — x)dx' or/ ^(2a— aj)daj. 

I ^(a;)rfa;=| {^(a;)-f ^(2a-a?)}da;. 
•'0 ■'0 



Hence, if ^ (x) =0 (2a — a?) for all values of a? comprised 
between and a, we have 

\ <l>{x)dx = 2['if){x)dx (4), 

J Jo 

and if ^ (2a — a?) = — ^ (aj), we have 

[ if){x)dx=::0 (5). 

For example, 

rsin>dJ^ = 2f sin'0d0 by (4), 

Jo Jo 
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and \co^^0d0^O by (5). 

42. Such equations as. those just given should receive 
careful attention from the student, and he should not leave 
them until he recognizes their obvious and self-evident truth. 

I cos' 6 dO is by definition the limit when n is infinite of the 



' 

series 



Ji (cos' A + cos' ih + cos'3A + cos' (n- 1) A}, 

where nh = tt. Now 

cos'A = — cos" (w — 1) A, cos' 2A =— cos' (n— 2) h ; 

thus the positive terras of the series just balance the negative 
terms and leave zero as the result. 

' In the same way the truth of | sin'drf^= 2 I sin^OdO 

Jo ,*'o 

follows immediately from the definition of integration, and the 

fact that the sine of an angle is equal to the sine of the sup- 
plemental angle. 

43. Suppose h greater than a and j> [x) always positive 
between the limits a and J of a;; then every term in the 

series S^ {x) Aa? is positive, and hence the limit I <f){x)dx 

must be a positive quantity, 

44. All the statements which have been made suppose 
that the function which is to be integrated is always hnite 
between the limits of integration ; for it mudt be remem- 
bered that this condition was expressly introduced in the 
fundamental proposition, Art. 2. If therefore the function 
to be integrated becomes infinite between the limits of inte- 
gration, the rules of integration cannot be applied; at least 
the case must be specially examined. 

45. Consider I -rn r ; tbe value of this integral is 

2 — 2V(1 — «)• Here the function to be integrated becomes 
infinite when a? = I ; but the expression 2 — 2V(1— «) w 
finite when a = 1. Hence in this case we may write 
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£ 



-jT— — r=2, proTlded tJiat we regard this as an abbreria- 

, ^ is always finite 

if a be anj: quantity less than unity, and by taking a suffi- 
' ciently near to unity, we can make the value of the integral 
differ as little aa we please from 2." 

46. Next take / ; the value of this integral is 

— log (1 — a), which increases indefinitely as a approaches to 

unity. Hence in this case we may write | - — - = co pro- 

J qI — X 

yided that we regard this as an abbreviation of the following 

statement : " / z increases indefinitely as a approaches to 

mnity, and by taking a sufficiently near to unity we can n^ake 
tbe mtegral greater than any assigned quantity." \ 

47. Next consider \- ^5; the integral here is :; — - 

j(l— a;/' ^ 1 — a?- 

If without remarking that the function to be integrated be- 
comes infinite when x=l, we propose to find the value of the 
integral between the limits and 2, we obtain —l — 1, that is 

— 2. But this is obviously false, for in this case every term 
of the series indicated by Z<f){x)Ax is positive, and therefore 

the limit cannot be negative. In fact 1 —— — -^ and 1 j- r^ 

are both infinite. This example shews that the ordinary 
rules for integrating between assigned limits cannot be used 
when the function to be integrated becomes infinite between 
those limits. 

48. In the fundamental investigation in Art. 2, of the 

value of 'I (^{x)dx^ the limits a and i are supposed to be 

fimU as well as the function ^{x). But we shall often find it 
eOnvenient to suppose one or both of the limits irifinite^ as we 
will now indicate by examples. 
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Consider I- ^; the integral is tan"* as. &ence f = 

Jl + aj"' ^ Jol + ^ 

stan'^a; the larger a becomes, the nearer tan'^a approaches 

to — , and by taking a sufficiently large, we can make tan"* a 
differ as little as we please from -; hence we may write 



I 



== -- as an abbreviation of this statement 



pl+aj" 2 

• dx 



fa ^ 
Similarly J « log (1 + a) ; ftnd by taking a large 

enough we can make log (1 + a) greater than any assigned 
quantily. Hence for abbreviation we may write 



/, 



dx 

= 00. 



l + « 



49. Suppose the function <^(aj) to become infinite once 
between the limits a and h. namely, when x^c. We canilot 

then apply the ordinary rules of integration to I <l>{x)dx; but 

we may apply those rules to 

' I ^{x)dx + \ ^{x)dx 

for any assigned value of /* however small. The limit of the 
last expression when /i is diminished indefinitely is called by 

Cauchy ih^ principal value of the integral / <f){x)dx. 
For example, let ^(a?) = 



x' 
dx n c — a 



, [^ dx [^ dx , i-c 
and I = — I = -log 1 
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hence the principal Talae is log log , that is 

50. The value of I— --= — -^ is sin~* - : hence 

Students are sometimes doubtful respecting the value which 
is to be assigned to sin"* (1) and to sin"' (— 1) in such a result 
as the above. Suppose we assume a;=a sin d ; thus the integral 

becomes idB or 0. Now x increases from — a to a, hence 

the limits assigned to must be such as correspond to this 
range of values of x. When x^ — a then may have any 

value contained in the formula {An— 1) ^ , where n is any 

IT 

integer. Suppose we take the value (4n — 1) - , where n is 
some definite integer, then corresponding to the value x=^a 

IT 

we must take d=(4;i — 1) - +7r; this will be obvious on 

examination, because x is to change from — a to + a, so that 
it continually increases and only once passes through the value 
zero. 

Hence / . ^ ^x =^' 

As this point is frequently found to be difficult by begin- 
ners we will consider another example. 

. f sec'^c/d 
Suppose we require J^ ^.^^^,g . 

We have f T'^^f^.^^tan-p"-^ ; 
and as the integral is to be taken between the limits and ir^ 
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we must determine the values of tan"* ( J in these cases. 

Suppose 0, dj, d,, ^3, ... d,, TT, to be a series of quantities in 
order of magnitude. By the nature of integration 

\ude^ \ \d0+ \ \de+ I tid0+ ... + Itide. 

Jo JO J$i Jtfa J9n 

Now each of the integrals on the right-hand side can be 
made as small as we please by increasing n and making two 
consecutive quantities. as 0^ and 0r+^ to differ as little as we 

pliease. Hence we see that the symbol tan'* Z-^:!!— J must be 

80 taken that tan'* (*-^+i) - tan"* (^^') shall diminish 
indefinitely when 0^^^ — 0^ does so. 

Therefore tan"* ( j must increase continuously with 0, 

and it can only pass once through an odd multiple of — while 
6 passes from to tt. If then we take mir for the value of 

tan"* ( j when ^ = 0, we must take (m + 1) tt for the value 

when = 'ir; and thus the value of the integral between the 
assigned limits is — • 

A common mistake with beginners is to take the second 
value the same as the first, instead of taking the second value 
to exceed the first by tt; thus the value of the proposed inte- 
gral is madeto be zero, which contradicts Art. 43. 

Again, suppose we require J^ J^^.^^J^^^0 . 

r {a--ccos0)d0 ^ 1 r( a'^c' \ ^^ 

j a" + c'-2accos6^ 2aj\ a** + c' - 2ac cos dj ' 

Thtis the required mtegral is r- + — ^ — u . a — ^^ a* 

^ ° 2a 2a J^ a +(r — 2accos^ 
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^^ J a^ + d'-^accQ^O 

= / 7 N2 , / . N«. 81 A -— — itan^f— ^tanil?]. 

J (a-c)' + (a + c)'tan'i5 a'-c* \a-c * / 

2 TT 

When taken between the assigned limits this gives -5 — -^ ~ 

if a is greater than c, and — = — 5 ~ if a is less than c. 
° ' a' — cr 2 

Hence the value of the proposed integral is — if a is greater 

than c, and zero if a is less than 0. 

51. !ftequired 1 log sin a; d^. 

B7 equation (3) of Art. 41, 

I logsina?c£c= I log sin [ — — aj] do? *= I logcosa;da?. 

Hence, putting y for the required integral, 

2y=l (log sin a? + log cos a;) da? 

= I log (sina? cos a?) dx 
•'0 

r*», sin2x , 

s= I {log sin 2aj — log 2} dx 
-J log 

•'0 



sin 2a; c& — - Trlog 2. 



But putting 2a; = a;', we have 
rhr 



I logsin2a;€2rs^ / logsma^cZr 

•Jo J 

ss I log sin X dXf hj equation (4) of Art. 41 • 
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therefore 2y == y — ^ log 2, 

therefore 'y = f%2* 

Again, j '^ log sin ^ e?^ =s | ' (tt - 9f log sin d dS, by equa- 
tion (3) of Art. 41 ; therefor? 



= [' (w* - 2Tr^ log sin ^ e?^, 

therefore I ^logsin^e?^=- I log8in^e?^=y log- • 

Eequired Tl^iil^db, Put a? = tany, and the integral 
Jo 1+ar 

» 
becomes I log (1 + tany) dy ; but by equation (3) of Art. 41 

J log (1 + tany) e?y =J log |l+tan (^ -yjl e?y, 

ji H , J. f'"' ^^.l■"tany 2 

and i + tan{--.y =1+7-— — ^^tt-t ; 

\4 V 1 + tany 1 + tany' 

therefore 2 1 log(l + tany)e?y = ^log2; 

therefore flS^il+f) dir = ^log2. 

See Camhridge Mathematical Journal^ Vol. III. p. 168, 

52. The remainder aflter n + 1 terms of the expansion 
of ^ (a + A) in powers of A, may be expressed by a definite 
integral. For let 
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Differentiate with respect to z, then 

Integrate both members of this equation between the limits 
and h \ thus 

that is, 

^{x-h) + hi>'{x-h) + ^f{x-h) + ^<l>'{x-h)^4>{x) 

Put a + h for x and transpose, then 

(a + A) = ^ (a) + Af (a) + |'f' (a) + f-<f,^a) 

Lf 13 

Thus the excess of (a + A) over the sum of the first n+1 
terms of its expansion by Taylor's Theorem is expressed hy 
the definite integral 

By means of the first result in Art. 40, we may put for 
this definite integral 

where d is a proper fraction. 

^ By means of the second result in Art. 40, we may put for 
this definite integral 
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where 0^ is also a proper fraction. 

53. BemouWs Series. By integration by parts we have 
1^ {x) dx = x<f){x)'- Ix <l> {x) dXf 

jx(l> {x) dx = j ^'{x) - J ^ f (a?) dx, 

fx*r{^)^-=fri^)-jjr(^)dX' 

Thus f<l>{x)dx=^x<f>{x)^^<l>'{x)-^^<f>"{x) 

Therefore, 

£0(a:)dx = a^(a)-3^f(a)+^f'(a) 



15 



This series on the right hand is called Bernoulli's series. In 

some cases this process might be of use in obtaining / <f>{x)dx ; 

for example, if ^ (a;) be any rational algebraical function of 
the (n — 1)"* degree, ^*(a;) is zero; or it might happen that 

/ic*^"(x) dx could be found more easily than \<f> (a?) dx. Or 

again, we may require only an approximate value of 

/ <l>{x)dx and the integral I a?*^"(a?) dx might be small 

enough to be neglected. 
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54. By adopting different methods of inte^ating a func- 
tion, we may apparently sometimes arrire at different results. 
But we know {ptf. Cole. Art. 102) that two functions which 
have the same differential coefficient can only differ by a 
constant, so that any two results which we obtain must either 
be identical or differ by a constant. Take for example 

j(aa? + 5)(a'as + i'>dar; 
integrate by parts, thus we obtain 

that IS, -^ ^ — • — ^-r — " • 

' 2a 6a 

If we integrate by parts in another way, we can obtain 

{a'x'\-iy{ax + h) a{a'x + iy 
2a "^ 6a" 

Hence 

{ax + hy {3a {ax + V) - a^ (oa? -f &)} 
6a» 

, {(ix + y)' {3a' (aa? + &) ~ g {ax + V)] 

and ; g^73 

can only differ by a constant. Hence multiplying by 6a'a'* 
we have 

o'" (oaj + J)» {3a (a'ar + y) - a' (aaj + J)} 

-a^{dx-\-hy[^€i{aX'^h)-a{dx^'V)]^G, 

where C is some constant. This might of course be verified 
by common reduction. We mav easily determine the value 
of G\ for since it is independent of x we may suppose 

00? + J = 0, that is, » = — ; then the left-hand member 

a 

becomes (aJ' — a'J)', which is consequently the value of G. 



> MISCELLANSOUS REMARKS. 68 

' Similarlj &om 

|(aa + J) (& +j(a'a + 50 ^ = /{(« + «') a? + * + *'} ^ 

we infer 

^-"5 — + "^ — 77Z^ ' o /^ . ^^\ + constant. 

2a 2a 2 {a + a) 

Multiply by 2aa' (a + a') and then determine the constant by 
supposing x = 0; thus we obtain the identity 

a'{a + a') {ax + by + aia-^-a') {a'x + h'y 

= aa' {(a + a')aj + J + 67+ (Ja'- J'a)», 

55. By l(l>{x)dx we indicate the function of which ^ (a?) 

is the differential coefficient; suppose this to be -^ (x). Then 
we may require the function of which -^ {x) is the differential 

coefficient, which we denote by (-^(a?) dx, or by I U(aj) dxdx, 

and so on. For example, the integral of e** is Te**+ C^, 
where C^ is a constant ; the integral of this is 

^^-¥C,x+G,; 

the integral of this is 

C 

where — * being still a constant may be denoted for simplicity 

by JS if we please. Proceeding thus we should find as the 
result of integrating e** successively for n times 

^ + ^,x*-^ + ^,x*-^+ +A^,x + A^ 

wh^re A^j -4„ ui» are constants. 
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It is easy to express a repeated integral in terms of 
simple integrals. For let u be any function of x ; let 

u^=^jiidx; \Gtu^=:lu^dx; let u^= I u^dx; 
and so on. 

By integration by parts we have 

u^= ju^dx==xu^— Ix-j^ dx= X Itidx — Ixudx; 

Wj= lu^dx= \\x ludx— IxudxY dx; 
therefore by integration by parts, 

ttj = — judx — I — udx -'xlxudx+ la^udx 

= — ludx — x jxudx + - la?tidx. 

The general formula is 

\nu^^ = x''ludx — nx'''^jxudx'\ a?""" laj't^dte— ...... 

^(.l). ^(^-l)-^(^-^ + l) ^n-.|^.y^^ 

+ {-ly jx^'udx. 

The truth of this formula may be easily established by 
induction ; for if we differentiate both sides we obtain a similar 
formula with n — 1 in place of n. 
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MISCELLANEOUS EXAMPLES. 

I 
0^ 



• = 7ra. 



2. f" , 

Jo V(2aa?-aj^) 

• Jo V(^'^-a;«) ^T^i^-W* 

4 P ^ ^ _ , TT 

/o (a«+ aj^) (J« + 0^)" 2ab{a + *) ' " 
5. If i>{x) = (f>{a+x), shew that 

/ <f>{x)dx = nj <f>{x)dx. 

7. ShewthatJJf|H£^ = J. (Change a. into Tr-o;'.) 

8. Shew that r(2aaj-a?)»vers"^-(fe=^\ 

(Change x into 2a — a?'.) 

9. Find the limit when n is infinite of 

• 1+ t + ^ . .__!___ 



BetuU. — . 



T. T. C. 
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10. Find the limit when n is infinite of 

Beault. —-——FT. 

11. Find the limit when n is infinite of -JHr • 

ResulU - • (Take the logarithm of the expression.) 

ir 

12. Shew that | log tan a? db = 0. 

13. Shew that i sina; log sin a;{£c s=k)g 2 — 1. 

14. If /(a?) be positive and finite fi-om a? = a to a? = a+c, 

shew how to find the limit of 

■ {/«/(»+;) /(»+"-^f 

when n is infinite; and prove that the limit in ques- 
tion is less than - I /(a?) dx^ assuming that the geo- 

C J a ■ 

metric mean of a finite number of positive quantities 
which are not all equal is less than the arithmetic. 

TT /*«*« f* 

Hence prove that e^^ is less than I e^db, unless u 

be constant firom a; = to a; = 1. 
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15. The value of the definite integral / * log (1 + n cos* ff) dO 

may be found whatever positive value is given to n 
from the formula 

jMog(l + ncos«^(W = jlog{(l+n)(l+nJ»(l+n,)»...} 

where n, n^yfi^ are quantities connected by the 

equation 



'*'■« 4K+1) 



16. Shew that 

|6" cos axdx'= — /a 8X1 + ft constant, 
J (a +cry 



c 



where tan^^-. Hence shew that if ^oosao; be 







integrated n times successively the result ia 



6-« 



€8 



CHAPTER V. 

DOUBLE llffTEG^RATIpN. 

56. Let ^ (qp), denote any function of x ; then we have 
seen that the integral of ^ (a;) is a quantity u such that 

-T-=<l>{x)* The integral may also be regarded as the limit 

of a certain sum (see Arts, 2 — ^6), and hence is derived the 

symbol 1 <f>{x) dx by which the integral is denoted. We 

now proceed to extend these conceptions of an integral to 
cases where we have more than one independent variable. 

57. Suppose we have to find the value of u which satis- 
fies the equation , , = ^(a?, y), where ^(a;, y) is a function 

of the independent variables x and y. The equation may be 
written 

\i v = -j-. Thus V must be a function such that if we differ- 
ax 

entiate it with respect to y, considering x as constant, the 

result will be ^ (a?, y). We may therefore put 



DOUBLE INTEGRATIOir. 69 

Hence u must be such a function that if we differentiate it 
with respect to a?, considering y constant, the result will be 

the function denoted by / ^ (ar, y) dy. Hence 



«=j|j^(a?,y)rfyj^. 



The method of obtaining u may be described by saying 
that we first integrate 6 {x, y) with respect to y, and then 
integrate the resmt with respect to x. 

The above expression for u may be more concisely written 
thus, 

\\^ («^» y) ^y ^> or j^ 4> (a^» y) ^ %• 

On this point of notation writers are not quite uniform ; we 
shall in tne present work adopt the latter form^ that is, of the 
two symbols dx and dy we shall put dy to the right, when we 
consider the integration with respect to y performed, before the 
integration with respect to a?, and vice versa. 

68. We might find u by integrating first with respect to 
X and then with respect to y ; this process would be indicated 
by the equation 

u^\\j>{x,y)dydx. 

59. Since we have thus two methods of finding u from the 

equation , , = ^ (aj, y), it will be desirable to investigate if 

more tlian one result can be obtained. Suppose then that u^ 
and w, are two functions either of which when put for u satis- 
fies the given equation, so that 

^ = ^(x,y)and|| = ^(a>.y). 

We have, by subtraction, 

J^i__J^ = 
dxdy dxdy ' 

that is, jr [■j-] =* <^, where t? = v^ — w^. 
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Now from an equation -1-= we infer that w must be a 

covisiaid^ that is, mnst be a c(ynjstaiid so far as relates to a; ; in 
other words, %o cannot be a ftinction of a?, but may be a func- 
tion of any other yariable which occurs in the question we are 
considering. 

Thus from the equation ^ (t")*"^ ^® "^®^ *^^* ^ 

cannot be a function of x^ but may be any arbitrary fixQction 
of y. Thus we may put 

By integration we deduce 

r + constant. 



=//(y)^y- 



Here the constant, as we call it, must not contain y, but 
may contain x\ we may denote it by %(«). And //(y) dy 
we will denote by -^ (y) ; thus finally 

Therefore two values of u which satisfy the equation 
= ^ (a?, y) can only difier by the sum of two arbitrary 



dxdy 

functions, one of a? only and the other of y only. 

60. We shall now shew the connexion between double 
integration and summation. Let ^ (a;, y) be a function of x 
and y, which remains finite and continuous so long as x lies 
between the fixed values a and i, and y between the fixed 
values a and /8. Let a, 0?^, a?,, x^^^ & be a series of 

Suantities in order of magnitude; also let a, y^, ^,, y^^, ^ 
e another series of quantities in order of magmtude. 

Let . ajj— a = Aj, a?, — a?j=sA,, 4 — av.i = *n; 

alsolet yi-a = A:i, yj-yj = i„ S-Vm-x^K* 
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We propose now to find the limit of the sum of' a certain 
series in which every term is of the form 

where r takes all integral values between 1 and n inclusive, 
and s takes all integral values between 1 and m inclusive; and 
ultimately m and n are to be supposed infinite; also x^ and 
y^ are to be considered equivalent to a and a respectively. 
Thus we may take ^^^ (re, v) as the type of the terms we 
wish to sum, or we may take Ax Ay^ {x, y) as a still more 
expressive symbol. The^ series then i» 

AiI^i^K a)+^a^(a, yi)+*8^K y«) +*m<^(«, ym-i)} 

+ K{k,(l>{x,,a)-hK(l>{x,,y,) + k,(l>{x„t/,) +K<l>{^v)fn^i)} 

+ K{k/l> (a?^i,a) + >fc,^ (aj«^i, yj + +^«^ (a?«.i, jr^i)}. 

Consider one of the horizontal rows of terms which we 
may write 

The limit of the series within the brackets when Jfe^, A;3,...A?„ 
are indefinitely diminished is, by Art. 3, 



/, 



/3 

<l> K, y) ^y- 



Since this is the limit of the series, we may suppose the 
series itself equal to 



/: 






where p,.^.^ ultimately vanishes. 

Let I <l>{x,, y) dy be denoted by -^(a?^) ; then add all the 

horizontal rows and we obtain a result which we may de- 
note by 

2!A -^ (a;) + SAp. 
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Now diminish indefinitely each term of which h is the type, 
then %hp vanishes, and we have finally 



J t 



b 

'^{x)dx) 
a 



that is, j \\ ^{Xiy)dy[dx. 

This Is more concisely written 



J CkJ a 



b fP 

<l>{x,t/)dxdt/, 



dy being placed to the right of dx because the integration is 
performed first with respect to y. 

61. We may again remind the student that writers are 
not all agreed as to the notation for double integrals. Thus 

we use I \ <l>{Xi y)dx dy to imply the following order of 

operations : integrate <f> {x, y) with respect to ^ between the 
limits a and P ; then integrate the result with respect to x 
between the limits a and h. Some writers would denote the 

same order of operations by / I ^ (aj, y) dy dx. 

62. We might have found the limit of the sum in Art. 60 
by first taking ail the terms in one vertical column, and then 
tating all the columns. In this way we should obtain as the 

sum I I <f> {Xy y) dy dx ; and consequently 

j J <l>{^7y)dydx==j j <f>{x,y)dxdy. 

63. Hitherto we have integrated both with respect to x 
and y between constant limits; in applications of double 
integration, however, the limits in the. first integration are 
often fimctions of the other variable. Thus, for example, the 



fh n 
symbol / / 

JaJyi 
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<l> (a?, y) dxdy will denoie the following opera- 

tions : first integrate with respect to y considenng x constant ; 
suppose F{x, y) to be the integral; then by taking the in- 
tegral between the assigned limits we have the result 

F[x,^{x)}^F[x,x{^)V 
We have finally to obtain the integral indicated by 

'\F{x,'^{x)]^F[x,x{^)]'\dx.. . 



t. 



The only difference which is recjuired in the summatorv 
process of Art. 60 is, that the quantities a, y^, yj,...y«.i will 
not have the same meaning in each horizontal line. In the 
(r + 1)*** line, for example, that is, in 

we must consider a as standing for x (^)) <^d y^, y,, ^ as a 

series of quantities, such that Y(a5y), y^yV^, y«u.i> '^(^r)» 

' Itha ' " 



are in order of magnitude, and that tie difference between any 
consecutive two tutimately vanishes. Hence, proceeding as 

before, we get / ' ^ (a?n y) ^y for the limit of the sum of the 

terms in the (r + 1)*^ line. 

64. It is not necessarv to suppose the same number of 
terms in all the horizontal rows ; for m is ultimately made 
indefinitely great, so that we obtain the same expression for 
the limit of the (r + 1)*** line whatever may be the number of 
terms with which we start. 

65. When the limits in the first mte^ation are fanctions 
ofthe other variable we cannot perform the integrations in a 
different order, as in Art. 62, without special investigation to 
determine what the limits will then be. This question will 
be considered in a subsequent chapter. 

66. From the definition of double integration, it follows 
that when the limits* of both integrations are constant, 

]\^ (a?) ^ (y ) db rfy = J <^ (a?) dxx\'^{y)dy, 
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supposmg that the limits in l'^^ (y) dy are the same as in the 

integration with respect to y in the left-hand member, and the 

limits in j<l>{x)dx the same as in the integration with respect 

to X in the left-hand member. For the left-hajid member is 
the limit of the sum of a series of terms, such as 

and the right-hand member is the limit of the product of 
*i* W + »a<A i^i) + K<f>{x;) + K<I> (aj^j, 

and *4^(yo)+*«^(yi)+i»^(y«) + *~^(y«..i)- 

67. The reader will now be able to extend the processes 
giren in this chapter to try)k integrals and to multiple 
integrals generallj. The symbol 



I / \'j>[xyy,z)dxdydz 



will indicate that the following series of operations must be 
performed : integrate j> (aj, y, z) with respect to z between the 
limits ^ and C considering x and y constant ; next integrate 
the result with respect to y between the limits r}^ and ri^ con- 
sidering X constant ; lastly integrate this result with respect 
to X between the limits ^^ and f^. Here ^ and ^ may^ be 
functions of both x and y ; and % and r}^ may be functions 
of X. This triple integral is the limit of a certain series 
which may be denoted by S^ (a?, y^ z) Aa? Ay Aj5. 
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Obtain the following eight integrals. 

BemU. rsin"*-j. 
6 a* 
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^ f a?dx 

j(a;-a)(aj-J)(aj-€)' 

^^"- ^■^(a-J)(a-c)'*"(&-a)(ft-c)^(c-a)(c-J)- 

3- It-; — g^ 2 . Bemlt. ^ \ _. ^ — rr ^. 

Jl + w»*tan'aj 2(w*-l) 



5. Iseca; 



^^^' ^^g a' + V(?' + ^) ' 



sec 22; do;. 



„ - 1 , l+\/2sina? 1, l + sma? 

BeSulU -^ log :; ^7^—; log ; . 

^ ftan a — tan a; , 

6. T^ — dx. 

J tana + tano; 

BesulU sin 2a log sin (a + a?) — a? cos 2a. 

Result. 7-3 log 3 -— , + ^8-7^ tan -, — -^. 

^ f (a — haf)dx /d i. ^ . x \ 

jBe««?f . cos"* ,, ^ ^ ,, . 

V (C + 4:00) 



9. Find the limit when n is infinite of 

1 

1 

2* 



1 

^sm-sin — sm — sin Y . Remit. 

\ n n n ^ J 
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10. Shew that 

fx {Um'xY db = ^ (^ - l) + log V2. 

11. Shew that 

12. Let -4 = 1 laj'cfajrfy, B=^\\xydbcdy^ C= Ijy^dxdi/, 

and suppose the limits of the integrations the same in the 
three integrals ; then prove that A Uia greater than ff. 



77 



CHAPTER VL 

LENGTHS OF CUEVES. 

Plane Curves. Rectangular co-ordinateB. 

68. Let P be any point on the curve APQ^ and let aj, y 
be its co-ordinates ; let s denote the length of the arc AP 
measured from a fixed point j1 up to P; 




O OP 



JF' ^ 



then [Diff. Gal. Art. 307) 

From the equation to the curve we may express —^ in 
terms of x^ and thus by integration a becomes known. 



dy 



69. The process of finding the, length of a curve is- called 
the rectification of the curvCy because we may suppose the 
question to be this : find a r^ht line equal in length to any 
assigned portion of the curve. 
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In the preceding article we have shewn that the length of 
an arc of a carve will be known if a certain integral can be 
obtained. It may happen in many cases that this integral 
cannot be obtained. Whenever the length of an arc of a 
curve can be expressed in terms of one or both of the co* 
ordinates of the variable extremity of the arc, the curve is 
said to be rectijmble, 

70. Application to the Parabola. 

The equation to the parabola is y « V(4a«) ; hence 

thus *'^/v(^J^)^ (See Ex. 6, p. 19.) 

= V(a« + aO + « log { V^J + V(« + ^) } + (7. 

Here G denotes some ccmstant quantity, that is, some quan- 
tity which does^ not depend upon x ; its value will depend 
upon the position of the fix.ed point from which the arc « is 
measured. If we measure from the vertex then s vanishes 
with X ; hence to determine G we have 

alogV«+<7=0; 

and thus a = V(«^ + ^) + « log {^lx + V (« + a?)} — a log V« 

// 9v 1 hjx + hjia + x) 
= V («a? + a?) + o log ^ ^ ' . 

If then we require the length of the curve measured from 
the vertex to the point which has any assigned abscissa, we 
have only to put that assigned abscissa for x in the^ last 
expression. Thus, for example, for an extremity of the 
latus rectum « = a; hence the length of the arc between 
the vertex and one extremity of the latus rectum is 

aV2 + alog(l + V2). 

71. In the preceding article we have found the value of 
the constant (7, but in applying the formula to ascertain the 
lengths of assigned portions of curves this is not necessary. 
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For suppose it reqtured to find the length of &e arc of a 
curve measured fix>m the point whose abscissa is x^ up to the 
point whose abscissa is x^. Let y^ (x) denote the integral of 



Vh©'] 



, and let 8^ and 9, be the lengths of arcs of the 

curve measured from any fixed point up to the points whose 
abscissae are x^ and x^ respectively, so that «, — s^ is the 
required length ; then 

hence «i = '4^(aJi) + 0; s^=^'\jr{x^+C; 

therefore ^^ — «^ = 1^ (x^ — yjt (a? J • 

Hence to find the required length we have to put a?^ and x^ 
successively for a; in -^ {x) and subtract the first result from 
the second. Thus we need not take any notice of the constant 
C; in fact our result may be written 



■.-.-i:yh(i)}^ 



72. AppUoation to the Cycloid. 

In the cycloid, if the origin be at the vertex and the axis 
oiy the tangent at that point, we have {Diff' CaL Art. 358) 



ds _ //2a\ 
dx^y\xj* 



therefore 8 = s/i^ax) + C, 

' The constant will be zero if we measure the arc 8 from the 
vertex. 

Conversely if a = *J{Sax) + Owe infer that Ijie curve is a 
cycloid. And more generally if we have 

8 + A = ^(B-\-0,x+C^), 

where Aj Bj C^^ and C^ are constants, we infer thsd; the curve 
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is a cvcloicL For by suitable cbanges in the origin and 
axes the last equation can be put in the form 

73. Ajiplicaiian to the Catenary. 

The equation to the catenary is y = 2 (e* + « *) ; hence 

thus 9 = lj{ef+e ") diu = - (6«-6 ') + G. 

The constant will be zero if we measure the arc 8 from the 
point for which a? = 0, 

74. Application to the Curve given hy the equation 
Here ^--i^* ^ __ /:r» + y»\* - ^ . 

The constant will be zero if we measure the arc from the 
point for which aj = 0. The curve is an hypocycloid in which ' 
the radius of the revolving circle is one-fourth of the radius of 

the fixed circle. - [See Dtjff\ Cal. Art. 360, and put & = 7) • 

75. In the same way as the result in Ait. 68 is obtained 
we may shew that 

,-=Vh(l)K 

Or we may derive this resnlt from the fomerthns ; 
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V{-(l)]^-M-(l)}|* 

. From the eqtuitioii to the curve we inay express ^ in 

terms of y, and thus by integration b becomes known. , In 
some cases this formula may be more convenient than that in 
Art. 68. 

76* Applicdtion to the Logarithmic Curved 

The equation to this curve is y = Jo*, or y s= Je* if we 

1 y 

suppose a = e*; thusa = clogT> 

therefore 3- = -> t- > 

^ dy y' dy ■ y 

The latter integral is V(^ + y*) 5 ^^ former is 

Hence * = <? log ^^^y ^y,^ + V(c'+y*) + C. 

77. If a; and y are each functions of a third yariable t, 
we have {Dif. Cal. Art; 807) 



thus 






78- The equation to the ellipse is -^ +fa = !• We may 

Of 

T. I. a 6 
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therefore assume x^asm^, y=sh cos^j so that ^ is the 
complement of the excentrio angle {Plane Co-ordinate Oeo- 
meirtf, Art. 168). Therefore, by the preceding article, 

^ = V(a*cos* ^ + S* sin*^), 

and 8 « I V(«*OOs'^ + i*sin'^) d^^a |V(1 -6^ sin'^) dfl>. 

The exact integral cannot he obtained ; we may however 
expand \/(l "" ^* siir ^) in a series, so that 

ij==a|{l-4e«8b>-~~^e*ain*^^^^i~ 

and each term can be integrated separately. To obtain the 
length of the elliptic quadrant we must integrate between the 



limits and — , 



Plane Curves. Polar Co-ardinatea, 

79. Let r, be the polar co-ordinates of any point of 
a curve, and s the length of the arc measured from any fixed 
point up to this point ; then {Dif. Col. Art. 311) 

80. Aj)pltcation to the Spiral of Archimedes. 

dr 
In this curve r = a^, thus -^ 3=s a ; 

hence s ^W(f + oF)d0^ a JV(1 + 0^ d0 

The constant will be zero if we measure the arc s from the 
pole, that is, from the point where ^ = 0. 



LENGTHS OF CUBYES, 83 

81. Application to the Cardioide. 

The equation to this curve is r = a (1 + cos ff) ; thus 

s«rv'{a«(l + cos^)" + a*8in«^}£f5 = a[A/(2+2cos^rf^ 

r ff ff 

5= 2a /cos - (?^ = 4a sin 5 + C» 

The constant will be zero if we measure the arc 8 from th'e 
paint for which ^ = 0, that is, from the point where the curve 
crosses the initial line. 

The length of that part of the curve which is comprised 
between the initial line and a line through the pole at right 

angles to the initial line is 4a sin -j » The length of half the 
perimeter of the curve is 4a sin ~ , that is, 4a, 

• 82. Suppose we require the length of the complete peri- 
meter of the cardioide ; we might at first suppose that it 

/•Sir g 

would be equal to 2a 1 cos-dO; but this would give zero as 

the result, which is obviously inadmissible. The reason of 
this may be easily seen ; we have in fact shewn that 

^^aV(2 + 2cos^), 

ff ff 

and this ought not to be put equal to 2a cos - but to ± 2a cos - , 

and the proper sign shoijdd be determined in any application 
of the formula. Now by s we understand a positive quantity, 
and we may measure a so that it increases with 0^ and thus 

-j2 is positive. Hence when cos - ia positive, we take the 

upper sign and put ^ = 2a cos - ; when cos - is n^ative, we 

J ff 

take the lower sign and put -ig = — 2acos-. Sence the 

6—2 
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length of the complete perimeter is not 2a I cos - dOy but 

2a j cos- J^- 2a I .cos-rf5, that is, 8a. This result might 

have been anticipated, for it will he obvious from the sym- 
metry of the figure that the length of the complete perimeter 
is double the length of the part which is situated on one side 
of the initial line, and this wAs shewn to be Aa in the preced- 
ing article. 

83. It may sometimes be more convenient to find the 
length of a curve from the formula 

which follows immediately from that in Art, 79. 

84. Application to the Logarithmic Spiral. 

The equation to this curve is r = Ja , or r = Jc* if we sup- 
pose a = 6*; thus^=clogT; therefore -^ = - and 

Thus the length of the portion of the curve which has r^ 
and r, for the radii vectores of its extreme points is 



;: 



V(l + 0*) dr, that is, V(l + c*) (r, • r,). 



The angle between the radius vector and the corresponding 

tangent at any point of this curve is constant {Dif. Ual. Art 

354); and if that angle be denoted by a we have c = tan a; 

ds 
ibm^{l + f?)=aeca; therefore ^ = sec a, and«t=rseca+C7. 

Hence (r^ — r^)seca is the length of the portion mentioned 
above. 
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FormulcB involving the radius vector and perpendicular^ 

85. Let ^ be the angle between the radius vector r of 
any point of a curve and the tangent at that point; then 

co»^ = ^ {Dif. Cat. Art* 310), Let y be the perpendicular 

from the pole on the same tangent ; then 

sin A =2, therefore cosA = ^^-^ —/, 

da r * 

ds r C rdr 

therefore -j- = -tt-^ sr , and 



. Jm 



86. Application to the Epicycloids 

With the notation and figure in Dif. Gal. Art. 360, it may 
be shewn that the equation to the tangent to the epicycloid 
at Pis 

COS^r-COS— T— ^ 

sm^— sm— Y— 

where x and y ate the co-ordinates of jP, and x and y' the 
variable co-ordinates. Hence it will be found that the per- 
pendicular p from the origin on the taiigent at P is, given by 

j? = (a + 25)sin^; - 
also r*=5a* + 4i(a + J) sin^^; 



26' 



thus ^' = —K — Y^ , whei:e c = a + 2J. 

cT '~' a 

Hence, by Art. 85, 
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At a cuBpr^a, and at a yertex resc; thus the len^ of 
the portion of the curve between a cusp and the adjacent 
rertez is 

^^ ' I m — 3x 7 t^a* ^ > that IS — ^ ^ . 

Hence the length of the portion between two consecutive cusps 

. 8ft (g -ft) 
IS ————— , 
a 

87. A remark may be made here similar to that in 
Art, 82. If we apply the formula 

a 

to find the length between two consecutive cusps, we arrive 
at the result zero, since rssa at both limits. The reason is 
that we have used the formula 



dr a V(<5^ — O 

while the true formula is 

ds V(c^-q*) r 

Since s may be taken to increase continuallj, it follows that 

ds 

■J- is positive when r is increasing, and negative when r is 

diminishing. Now in passing along the curve from a cusp to 
the adjacent vertex r increases, thus -j- is positive, and we 

ds 
should take the upper sign in the formula for -j- ; then in 

passing from the vertex to the next cusp r diminishes, thus 

ds -__ 

^ is negative, and the lower sign must be taken. Hence the 

length from one cusp to the next cusp is 
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.^ a i.V(<?-0 « J.V(c''-r') 

88. From what is stated in the preceding article, it ap- 
pears that if the arc s begin at a vertex the proper &rmula is 

da >J{t?-cl) r 
dr~ a V(«'-»^}' 

therefore . = _XV__^ J_^_^ = VL__^ V(o._^. 

^ No constant is required since we begin to measure at the 
point for which r = c; the formula hol£ for values of « less 

than^(-+^). 

Of 

It may be observed that thus 

89. Similarly for the hypocycloid we may shew that 

p =—-5 — a— , wherec = a-2J. 
a-- c 

Suppose c" less than a*; then we may shew that 

dr - a V(^'-c*)' 
and thus 8 may be found. The length of the curve between 
two adjacent cusps is — '^"^ ' , 

Next suppose c' greater than a*; then we should write 
the value of -jr thus, 

dr * a VCc'-O' 



-^-r 



88 
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in this case h is greater thab a, and we shall find the length 
of the cttrve between two adjacent cusps to be — ^ ""^^ . 

When a= 25 .we have c?=0 and ^ = ; in this case the 
hjrpocycloid becomes a straight line coinciding with a dia- 
meter of the fixed circle. 

If a s= 6 we have (? = a^; in this case the denominator in 
the value of p^ vanishes ; it will be found that the hypocy- 
cloid is then reduced to a point, and r^a. 

It may be shewn as in Art. 88, that if « be measured firom 
a vertex to a point not beyond the adjacent cusp, we have 

the upper or lower sign being taken according as c is greater 
or less than a.' 



FormuUe iwoolvvng the Perpendicular and its Inclination. 

90. Another method of expressing the length of a curve is 
worthy of notice. 




Let P be a point in a curve ; a?, y its co-ordinates. Let B 
be the length of the arc measured from a fixed point A up 
to P. Draw OF a perpendicular from the origin on the 
tangent at P, suppose OY^p^ PY = w, YQx = ; then 
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M = ajsin^ — y cos 5, 
^ = -coti9, ^ = — cosec^; 
therefore 

^ =5 — oj sin ^ +y cos ^ + cos ^ ^ + sin ^ ^ = — w, 

therefore, b]r integration, 

therefore * " ^ "^ \'pdd ; 

this may also be written 

B-Vu^ jpdd. 

Suppose s^ and u^ the values of a and t« when has the 
value ^1, and ^^ and w, their V9.1ues when has the value^g, then 

. * . 
We have measured u in the direction of revolution from P 

and have taken it as positive in this case ; when u is negative 

it will indicate that X is on the other side of P. 

The preceding results majr be used for different purposes, 
among wnich two may be noticed. 

(1) To determine the length of any portion of a curve 
when the equation to the curve is given ; for from that equa- 
tion together with ~ = — cot ^ we can find x and y in terms 

of 0f and therefore p which is equal to x cos 5 +y sin ^ ; then 
8 may be found from the equation 



,=i+/^. 



90 
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(2) To find a curve sucli that "by means of its arc a pro- 
posed integral may be represented ; for if the proposed inte- 
gral be lpd$j where p is a fimction of 9, the required curve is 
found by eliminating between the equations 

a?=a^cosi9-^sin5, y =*^Bin54-^cos^, 

and then the integral may be represented ^7 * "" ^ • 

This article has been derived firom Hymers's Integral Calr 
cultis, Art. 136. 

91. The results of the preceding article may be obtained 
in another way. Let p denote the radius of curvature of the 




curve at P; let OP^r, and let «, u^ and have the same 
meaning as before, then from the Diffeirential Calculus we 
have 

ds ^ dr ,. ^ dp dr 

P = d0' *^^'' = '*^' therefore J = ».^. 



Also 



FT == r ooB OPT =^r.^', 
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therefore -r^ = — PY = — w. 

au 

Let PC be the radius of curvature at P; draw OQ perpen- 
dicular to PC. The locus of G is the evolute of the curve 
AP'j and QG \& with respect to this locus what PY. is with 
respect to the locus of Jr. Let ff^ p' be the polar co-ordi- 
nates of C and let QG=u'; then 

e' = d-| and/ = tt. 
And eO-t*' — |, = -§=«-^-g. 

Also p = PQ+QO^p + u'^p + ^; 

but P^ M^ therefore * = ^ + Ij^dff. 

From the value of PFwe can obtain an easy proof of a 
theorem of some interest in the Diffeifential Calculus {Dtf* 
Gal. Alt. 329). Let p. denote the perpendicular from on* 
the locus of r ; then {bif. Gal. Art. 284) 

1 1.1 /dp\' 



since p is the radium vector of F. Thus 

1 _ 1 t*'_ p* + ^' _r^. 
p^ p p p p 

therefore ^, =^* 

A particular case of the formula 

should be noticed. Suppose we take a comple^ oval curve 
without singular points;, then d,a:d^ + 27r, andt«, = u^; thus 

r9x +2ir 

the complete perimeter of the curve is | p3S. 



92 LENGTHS OF CURYES. 

92. Applicatum to the Ellipse. 




c A 

Let APB be a quadrant of an ellipse, GY the perpendicu- 
lar on the tangent at P; let AOY^O. Then {Plane Co- 
ordinate Geometry, Art, 196) GY=: a V(l - ^ sin" 0) ; 

therefore AF+ FY=a h{l - e" sin" 0) dO, 

the constant to be added to the integral is supjposed to be so 
taken that the integral may vanish with 0. It JB be a point 

IT 

such that its excentric angle is - — ^, we have, by Art. 78, 



BB^ah{l-~^fiia*0)d0; 



thus 
And 



PY=- 



AF+PY=BB. 
dp a^ sin cos^ 



.(1). 



Let X be the abscissa of F; then by Art. 90, 

aj = p cos 5 — ^ sin ^ 
au 

f,H 9 • « /i\ ii . ««* 811^* ^ COS ^ a cos 

^^ ^ V(l-«8in"5) V(l — «sm*^) 

Thus FY=s (?xBm0; and if x* be the abscissa of R we have 

a?' = a cos ( 2 ■" ^) so that PIT = --^. Thus (1) may be written 



a 

BR^AF^^xx'. 
a 



.(2); 



this result is called Fagnani's Theorem. 
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From the ascertained values of x and of we have 
^ g'-g'sin'g (J'-x'^ 

therefore cVo;'* ^ a* (ir* + «'") + a* = 0, 

Thus the equation which connects x and x' involves these 
quantities symmetrically ; hence from (2) we can infer that 

BP^AR^^^xx\ 
a 

This is also. obvious from the figure. 

We may observe that the value of PFmay be obtained 
more simpiy by means of a known property of the ellipse. 
For suppose the normal at P to be drawn meeting CA in O ; 
and through Pdraw a line parallel to GA meeting CY in Q. 
Then PQ = CO = e'a:, by the nature of the ellipse ; and 

Pr=P0Bin^ = 6'a;sind. 

93. Application to the Hyperbola. 

Let G be the centre and A the vertex of an hyperbola, 
GY the perpendicular on the tangent at P. Let AGY^ 
and GY^p\ then it may be proved that 



PY^AP^aU{l^e^%m^ff)de. 
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This may be proved in the same mamier as the corresponding 
result of the preceding article; we may either make the 
requisite changes of sign in the formula of Art. 90, which 
are produced by difference of figure ; or we may begin from the 
beginning again in the manner of that article. The constant 
to be added to the integral is supposed to be so taken that the 
integral may vanish with 0. 

Suppose a the greatest value which 6 can have, then 
{Plane Co-ordinate Geometry, Art. 257) cot a = V(^ — 1)- 
When P moves off to an inhnite distance PF— AP becomes 
the difference between the length of the sOTmptote from G 
and the infinite hyperbolic arc from A. Thus this differ- 
ence is 

afV(l-e"sin«^)^^. 

Inverse qtiestions on the lengths of Curves, 

94, In the preceding articles we have shewn how the 
length of an arc of a known curve is to be found in terms of 
the abscissa of its variable extremity ; we will now briefly 
notice the inverse problem, to find a curve such that the arc 
shall be a given function of the abscissa of its variable ex- 
tremity. 

Suppose ^ (x) the given function ; then « = ^ (a?) ; 
therefore ^' (-) = | = y^jl + (|)} 5 

thus |=[{fWr-l]*, 

and y=j[mx)Y--i.]^dx. 

95. As an example of the preceding method, suppose 
^(x) = Jt/(icx) ; thus <f>'{x) = A /- ; therefore 
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f(|-^)^ ,c f dx 



= V(«B — a^) + o ▼era"* — + (7. 



We 

curve is 



may write y' for y — (7 and thus we find that the 
a cycloid, {Dtf. Gal Art. 358.) 



96. For another example suppose <f>{x) = a log x ; thus 



fW-j- 



f o*d!b f a;<fe 



Involutes and Evolutea. 

97, We may express the length of an arc of a cutvq with- 
out integration when we know the equation to the involute of 
the curve. Suppose «' to represent the length of an arc of a 
curve, p the radms of curvature at that point of the involute 
which corresponds to the variable extremity of «', then {Dif. 
Gal. Art. 331) s' ±p^ly where Zis a constant. If the equa- 
tion to the involute is known, p can be found in terms of the 
co-ordinates of the point in the involT;ite ; then these co-ordi- 
nates can be expressed in terms of the co-ordinates of the 
corresponding point of the evolute, and thus 8* is known. 
By this method we have to perform the processes of differen- 
tiation and algebraical reduction instead of integration. 
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98. Application to the Evolute of the Parabola. 

Take for the involute the parabola which has for its equa- 
tion ^ = 4aa? ; let x\ y be the co-ordinates of the point of 
the evolute which corresponds to the point (a?, y) on the para- 
bola. Then by the ordinary methods {Dif. CaL Art. 330) we 
have 

aj' = 2a + 3a;, / = -£«> 
and />a=2af 1 . 

Thus we shall obtain for the equation to the evolute 
27ay'" = 4(aj'-2a)'; 

and p = 2a(^)*; 

therefore «' + 2a (?^)*= Z. ^ 

Suppose we measure s' from the point for which x'=2a, 
that ifl, from the point which corresponds to the vertex of the 
parabola ; then we see that s increases with x\ so that we 
must take the lower sign in the last equation ; also by sup- 
posing aj'=s:2a and ^' = we find Z = — 2a; thus 

This value of a' may also be obtained by the application of 
the ordinary method of integration. 

99. When the length of the arc of a curve is known in 
terms of the co-ordinates of its variable extremity, the equa- 
tion to the involute can be found by ordinary processes of 
elimination. . 

For we have {Dif. Oal Art. 331) 

dx Ids^ 

a; — a? "" p dx 
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where the accented letters refer to a point in a curve, and the 
unaccented letters to the corresponding point in the involute. 
Thus 

a^^a^+P^ (^)- 

Sunilaxly 2^ = 3^' + ^^ (2)- 

If then 8* is known in terms of a?', or of y', or of both, by 

means of this relation and the known equation to the curve 

dx dv* 

we may find -ry and -tt\ and p is known from the equation 

s' :f p = l. It only remains then to eliminate a?' and y' from 
(1) and (2) and the known equation to the curve ; we obtain 
thus an equation between x and y, which is the required 
equation to the involute. 

100. Application to the GcUenary. 
The equation to the catenary is 

and »' = -(6«— 6 «), 

supposing a' measured from the point for which a?' = and 
y ^c\ we shall now find the equation to that involute to 
the catenary which begins at the point of the curve just 
specified. 

We have then 

^=£ ^=^. 
dx' c' dx^ c' 

. dy' _ «' dx' _ c 

^^"^ d^'^y" d^^y'' 

and />=«', no constant being required, because by supposition 
p vanishes with s. 

T. I. c. 7 
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Hence equations (1) and (2) of the preceding article become 



80 



x^x r 



.1 i 



^ ^ y y y 

And .' = v(y'^-0=y/^.-c») = JV(c?-y^; 

therefore fl^VCc^:^ 

y c 

thus a? = a;' — V(c' — y^) ; therefore x=\f{<?^y^-hx. 

We have then to substitute these values of x' and y' in the 
equation to the catenarv, and thus obtain the required rela- 
tion between x and y . . The substitution may be conveniently 
performed thus, 

y'^lie^ + e'^); 
therefore slijf^ - c*) = o («*""«"') 5 

therefore y' + V(y" - = ces 

therefore ^ = c log ^^^ ^(y^'"",^') . 

c . 

i..fin.u,. .w(«'-^=«%e±vp!), 

This curve is called the tractory; on account of the radi- 
cal, there are two values of x for every value of y less than c, 
these two values being numerically equal, but of opposite 
signs. There is a cusp at the point for which a?=0 and 
y = c\ and the axis of x is an asymptote. 

101. The polar formulae may also be used in like manner 
to determine the involute when the length of an arc of the 
evolute can be expressed in terms of the polar co-ordinates of 
its variable extremity. We have (jDij^. Cal. Art. 332) 

/^ = p» + r'-2p^ (1), 

y«=r'-/ , (2)., 
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Here, as before, the accented letters belong to the known 
curve, that is, to the evolute, and the unaccented letters to the 
required involute ; thus since the evolute is known, there is a 
known relation between^' and t\ And a ^ p^l^ so that if 
8 can be expressed in terms of »' and r' we may eliminate 
p* and r by means of (1), (2), ana the known relation between 
p' and r'. Thus we obtain an equation connecting p and r, 
which serves to determine the involute. 

102, Application to the Equiangular i8piral. 

In this curve p' = r' sin a, where a is the constant angle of 
the spiral. If we suppose the involute to begin jfrom the 
pole of the spiral, and s' to be measured from that point, we 
have p = 5 =/seca (Art. 84), Thus (1) of the preceding 
article becomes 

r'* = r ' sec* a -f r* — 2r^p sec a 

= r" sec' a + r" sin' a +i?* - 2/^ sec a, hj (2). 

From this quadratic for^ we obtain 

jp — /seca = ± r cosa. 

T/. X T_ XI • i: J r'(l+cos*a) , 

If we take the upper sign we find p = ^^g^^ — '9 and 

then from (2) we find r' = ^ — r\ But this solution 

^ ' cos a 

must be rejected, because from it we should find p or 

r-^ = , — Q-T ^'. which is inconsistent with the 

dp cosa (l + cos^'a) 

equation p=r'seca. 

/ * 9 

f sm flt 
If we take the lower sign we find p = , and then 

° -^ cos a 

'S * s 

from (2) we find r' = = — ; thus « = rsina. Hence the 

^ ' cos* a ^^ 

involute is an equiangular spiral with the same constant 

angle as the evolute has. 



7—2 
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Intrinsic Equation to a Curve, 

103. Let 8 denote the length of an arc of a curve measured 
from some fixed point, 6 the inclination of the tangent at the 
variable extremity to the tangent at some fixed point of the 
curve; then the equation which determines tne relation 
between 8 and ^ is called the intrinsic equation to the curve. 
In some investigations, especially those relating to involutes 
and evolutes, this method of determining a curve is simpler 
than the ordinary method of referring the curve to rectangular 
axes which are extrinsic lines. 

104. We will first shew how the intrinsic equation may 
be obtained from the ordinary equation. 

Suppose y =f{x) the equation to a curve, the origin 
being a point on the curve, ana the axis of y a tangent at that 
point ; from the given equation we have 

thus X is known in terms of tan ^, say x = i^(tan 0) ; then 
^ = i^'(tan0)sec»^; 

also ^ = cosec^; 

ds 
therefore ^ = F' (tan <f>) sec' ff> cosec ^ ; 

jfrom this equation 8 may be found in terms of ^ by integra- 
tion. A similar result will be obtained if at the origin the 
axis of X be the axis which we suppose to coincide with a 
tangent. 

105. Application to the Cycloid. 

By Diff. Cal Art. 358, we have 

dy^ _ // 2a-g; \ _ 1 ^ 
dx y\ X y tan^' 
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2a 1 
therefore — = . , . , a? = 2a sin' 6, 

X sin' ^ ^' 

-T7 = 4a sin ^ cos ^, 

ds ,dx^ , 

therefore « = 4a sin <^ + (7. 

The constant will be zero if we suppose s measured from 
the fixed point where the first tangent is drawn, that is, from 
the vertex of the curve. 

106. Having given the intrinsic equation to deduce the 
ordinary equation. 

We have ^ = sin ^ ; 

therefore x== Ids sin ^. 

Similarly y— Ids coaip. 

Now 8 is by supposition known in terms of ^ ; thus by 
integration we may nnd x and y in terms of ^, and then by 
eliminating (f> we obtain the ordinary equation to the curve in 
terms of x and y. 

107. Application to the Gychid. 
Here « = 4a sin ^ ; 

thus x=-ld8 sin<^ = 4a lsin<^ cos<^tZ<^=.(7 — a cos 2^, 

y— Ids cos (f> = 4a Icos' <^ d^<^ = (7'+ 2a<^ + a sin 2<^. 

Hence by eliminating ^ we can obtain the ordinary equa- 
tion ; if the origin of the rectangular axes is the vertex of 
the curve, we shall have G=a and (7' = 0. 



102 LENGTHS OF CUBVES. 

108. We shall now give some miscellaneous examples^of 
intrinsic equations. 

The intrinsic equation to the circle is obviously s = o^. 

109. The equation to the catenary is 

the origin being on the curve. Hence 

thus if ^ be the angle which the tangent at any point makes 
with the tangent at the origin, 

8 = c tan ^. 

110. We have seen in Art. 86, that for the epicycloid 

, COS ^ — COS , ^ 

— = , = tan 6 suppose, 

dx . a + b ^ . a 
sm — T — a — sin a 
o 

thus <l> = — ^T — A 

Again, from the same article, 

a 

= ^^ -' cos -J- + (7 

if we suppose a measured from the point for which = 0. 

We may simplify this result by putting 

A — __2^ d 4- (h and « = — ^^ + s ; 

^ 2a ^ a 
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this amounts to measuring the arc from a vertex instead of. 
&om a cusp. Thus 

a a + 26 * 

where the accent maj now be dropped* 

111. Similarly the intrinsic equation to the hypocycloid 

may be written 

4 J ia — h) . a4> 
8 » — ^^ ' sm — ^ . 

112. It appears firom the last two articles that 8 = 1 ain m^ 
represents an epicycloid or hypocycloid, according as n is less 
or greater than unity. For example, if 

fissZsin^, « = Zsin^, « = Zsin2, 5=sZsin^,.., 

iu t) 4 O 

we have epicycloids in which - = ^ , 1, -, 2, ,,, 

If « = Zsin2^, « = Zsin3^, fi = Zsin4^, « = Zsin5^j... 

we have hypocycloids in which -=7, r-, 5-, vj... 

£S 4 O o o 

113. If p be the radios of curvature of the curve at the 
point determined by « and ^, we have [J)iff, Cal. Art. 324) 

ds 

In the logarithmic spiral we know that p varies as 9 if the 
arc be measured from the pole ; thus 

, ds 

therefore ^ = - jT j a^d therefore by integration 

k<f> + constant = log s ] 
therefore 8 = a«**, 
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where a is a constant. If we put « = «' + a we have 

«' = a(e**-l), 

and now «' is measured from the point for which ^ = 0. 

114, If the intrinsic equation to a curve be known, that 
to the evolute can be found. 




Let AP be a curve, BQ the evolute ; let a be the length of 
an arc of -4P measured from some fixed point up to P; s' the 
length oiF an arc of BQ measured from some fixed point up 
to Q. It is evident that is the same both for s and «', if in 
BQ we measure ^ from BAy which is perpendicular to the 
line from which ^ is measured in AP. 

In the left-hand figure s' ^p— G=-^— G. 

ds 
In the right-hand figure s'^G—p = G— -rr • 

Thus if « be known in terms of ^, we can find a in terms 
of ^. The constant C is equal to the value of p at the 
point corresponding to that for which a' = 0. 

115. For example, in the cycloid « = 4a sin <^ ; thus 
5'=0 — 4acos^. 
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Put <^ = i|r + ■- and 5' = o- + G; thus 
2 

o- = 4a sin yfr. 
This shews that the evolute is an equal cycloid. 

116. Similarly if the intrinsic equation to a curve be 
known, that to the involute may be found. For by Art. 114 

therefore 8=\{G±8)d<f>. 

Thus if 8* be known in terms of ^, we can find 8 in terms 
of ^. . 

117. For example, in the circle «' = a<^. Thus 

8=^j{G±a<f>)d<f>=G<f>±^+C\ 

If we suppose 8 to begin where <^ = we have C = 0, and 

farther, if 8 begins where the involute meets the circle we 

have (7=0;; thus « = ^ . (See Dif. Gal Art. 333.) 
2 

118. It is obvious that by the methods of Arts. 114 and 
116 we may find the evolute of the evolute of a curve, or the 
involute of the involute of a curve, and so on. 

119. The student may exercise himself in tracing curves 
from their intrinsic equations ; he will find it usefal to take 
such a curve as the cycloid, the form of which is well known, 
and ascertain that the intrinsic equation does lead to that 
form ; he may then take some of the epicycloids or hypocy- 
cloids given in Art. 112. For further information on this 
subject, and for illustrative figures, the student is referred to 
two memoirs by Dr Whewell, published in the Gamhridge 
Pk{lo8opkical Transactions^ Vol. viii. page 659, and Vol. IX. 
page 150. 
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Curves of double Curvature. 

120. Let X, y, z be the co-ordinates of a point on a curve 
in space; a? + Ai, y + Ay, z + Az the co-ordinates of an 
adjacent point on the curve. Then it is known by the prin- 
ciples of solid geometry, that the length of the chord joining 
these two points is V{(^i»)*+ (^y)*+ (^^)*}' I^®* ^ l>® ^^e 
length of the arc of the curve measured from some fixed point 
up to {x, y, z) ; and let s + A« be the length of the arc measured 
from the same fixed point up to {x + Ax, y + Ay, z + Az). 
We shall assume that As bears to the chord joining the adja- 
cent points a ratio which is ultimately equal to unity when 
the second point moves along the curve up to the first point. 
Thus the limit of 

A* 
A^ , . n Ax. 

is unity. Hence 

.Wo„ .=/y{l+(|)V(|)}.b. 

From the equations to the curve -J- and -7- may be ex- 
pressed in terms of x, and then by integration s is known in 
terms of a;. 

121. With respect to the assumption in the preceding 

article, the student may refer to Diff, ual. Arts. 307, 308 ; he 

may also hereafter consult De Morgan's Differential and 

Integral Calculus, page 444, and Homersham Cox's Integral 

Calculi^, page 95. 

f 

122. Suppose, for example, that the curve is determined 
by the equations 

y^ = 4.ax (1), 

z = V(2caj -a?)+c vers"^ - ..(2), 
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SO that the curve is formed by the intersection of two cylin- 
ders, namely a cylinder which has its generating lines parallel 
to the axis of z, and which stands upon the parabola in the 
plane of (a?, y) given by (1), and a cylinder which has its 
generating lines parallel to the axis of y, and which stands on 
the cycloid in the plane of (a?, z) given by (2). Then 

% _ //£^ ^ — /{^^ ~ ^\ 

^^ sv('-M-')=ym' 

therefore 8 = V(2c + a) {—r- = 2 V(2c + a) s/x. 

No constant is required if we measure the arc from the origin 
of co-ordinates. 

123. The formula given in Art. 120 may be changed into 

..a . ..V{..(|)V(|)]^. 

and in some cases these forms may be more convenient than 
that in Art. 120. 

124. Sometimes a curve in space is determined by three 
equations, which express a?, y, z respectively in terms of an 
auxiliary variable ; tnen by eliminating this variable, we may, 
if necessary, obtain two equations connecting a?, y, and «, and 
thus determine the curve in the ordinary way. Suppose then 
a?, y, z each a known function of t ; then 

dy dz 

dy ^dt J ^^ _ ^^ . 

daj^SS' dx ^' 

H di 
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=/yh(l)V(i)]S* 

125. Application to the Helix. 

This curve maj be determined by the equations 
a? = a cos tf y = a sin ^, z = ct; 

thus « = V(a'+c'^ (dt=^ti^{a'+d^+G. 

126. When polar co-ordinates are used to determine the 
position of a point in space, we have the following equations 
connecting the rectangular and polar co-ordinates of any 
point, 

a? = r sin ^ cos ^, y = r sin ^ sin ^, . « = r cos 0. 

And as a curve in space is determined by two equations 
between a?, y, and z, it may also be determined by two equa- 
tions between r, 0, and (f>. Thus we may conceive r and 
tto be known functions of 0, and therefore x, y, and z 
3ome known functions of 0, 

Hence 

Tg = sin^ cos^ -fn"^ sin^ sin^-^ + r cos^ cos^, 

dy • /i • . ^^ . . /I . ^<^ . /I • . 

^ = sm ^ sm 9 ^ + r sm ^ cos 9 ^ + r cos ^ sm ^, 

dz ^dr . ^ 

jg = cos ^ ^ — r sm 0. 
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This may be transformed into 



or into 8 ' 



127. 1{ p be the perpendicular from the origin on the 
tangent to a curve in space, then the equation 



which was proved for a plane curve in Art, 85, will still 
hold. For each member of the equation expresses the secant 
of the angle which the tangent makes with the radius vector 
at the point of contact. 

Therefore 8 = I-77-5 sr . 



EXAMPLES. 

1. For what values of m and n are the curves a**y" = af^^ 

recttfiablef (See Art. 15.) 

7i 71 1 

Result. If -— or 7—- + - is an integer, 

2. Shew that the length of the arc of a Tractory measured 

from the cusp is determined by « = clog-. 

3. Shew that the Cissoid is rectifiable. 

4. Shew that the whole length of the curve whose equation 

is 4 (a^ + ^ — a* = 3a^y* is equal to 6a. 

[it may be proved that (|) = ^Jfj^] • 
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5. The length of the arc of the curve 

(a?+y)'-(a?-y)* = a* 
between the limits (a?^, yj and (a?, y) is 

_1 r, . V*. ,. xt.4 1 

2/ 



2^{(a^ + y)*+(a.-y)¥-2^{(^x + yj'+k- 



6. K « = ae% find the relation between x and y. 

7. Shew that the intrinsic equation to the parabola is 

ds 2a a, 1 + sin <A . a sin A 

dfl> cos*^ 2 °1 — sm^ 1 — sin*^ 

8. The intrinsic equation to the curve y* = oo* is 

9. Shew that the length of the arc of the evolute of a 

parabola from the cusp to the point where the evolute 
meets the parabola is 2a (3 V3 — 1) ; where 4a is the 
latus rectum of the parabola. 

10. The evolute of an epicycloid is an epicycloid, the radius 

of the fixed circle beinff -7- and the radius of the 

^ a + 26 

generating circle ■ , . (Arts. 110 and 114.) 

11. Shew that if the equation to a curve be found by 

eliminating 6 betweeii the equations 

aj = sin 5 -^/r' {$) + cos yfr" {0), 
and y = cos ^ -^/r' (^ - sin ^i/r" {ff) , 

then s:=::ylr{0) + ylt"{0). 

12. Shew that the length of the curve 8a'y = a;*+6aV 

SB s 

measured from the origin is --,• (a?" + 4a')*. 

8a 



Ill 
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AREAS OP PLANE CURVES AND OF SURFACES. 
Plane Areas. Rectangular Formulce. Single Integration. 




128. Let DPE be a ctirve, of which the equation is 
y = A (a?), and suppose x, y to be the co-ordinates of a point 
P. Let A denote the area included between the curve, the 
axis of Xy the ordinate PM, and some fixed ordinate AD^ then 
[Diff. Cal. Art. 43) 



hence 



.^\<}>{x)dx. 



Let '^{x) + G be the integral of {x) ; thus 

A=:ir{x) + C. 

Let A^ denote the area when the variable ordinate is at a 
distance x from the axis of y, and let A^ denote the area when 
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the variable ordinate is at a distance x^ from the axis of y; 
then 

therefore A^-'A^ = 'y^ {x^ — '^{x^ = I <f){x)dx. 

129. Application to the Circle. 

The equation to the circle referred to its centre as origin 
is y' = a*— aj* ; here ^ {x) = »J{c^ — a?*) ; thus 

The constant C vanishes if we suppose the fioced ordinate 
to coincide with the axis of y. It will be seen by drawing a 
figure, that the area comprised between the axis of a?, the axis 
of y, the circle, and the ordinate at the distance x from the 
axis of y, may be divided into a triangle and a sector, the 
values of which are given by the first and second terms in the 
above expression for A. This remark may serve to assist the 
student in remembering the important integral 



;'-a^cfo = "'^^"'-^ +gBin-' 



j^{a*-an 



130. Application to the Ellipse. 

Suppose it required to find the whole area of the ellipse. 
The equation to the ellipse may be written y* = -^ (a* — a*). 
Hence the area of one quadrant of the ellipse 

hence the area of the ellipse is irab. 

131. Application to the Fardbola. 

The equation to the parabola is ^ = iax \ here then 
^(a?) = V(4a«), 
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and j\f{4.ax) dx=^^J+C; 

thus with the notation of Art. 128 

If a?j = we have for the area -~- a;,', that is, two thirds 
of the product of the abscissa x^ and the ordinate is/{^ax^. 

132. Application to the Cycloid. 

The integration required by the formula \ydx becomes 

sometimes more easy if we express x and y in terms of a new 
variable. Thus, tor example, in the cycloid we can put 
{Diff. Cal. Art. 358) 

x=^a (1 — cos^), y = a (^ + sin5) ; 
therefore lydx=*a^ l{0 + sin0)Bm0d0 

=:a'J0sm0d0 + jj{l-coa2ff)d0; 

this gives a'(-^cos^ + sin5)+^'(^-?^^. 

If we take this between the limits and tt for 0^ we obtain 

the area of half a cycloid; the result is — — . Hence the 

area of the whole cycloid is equal to three times that of the 
generating circle. 

133. The equations to the companion to the cycloid are 

aj = a (1—costf), y=^a0; 

hence it may be shewn that the area of the whole curve is 
twice that of the generating circle. 

134. If a curve be determined by the equation x — <f>(i/), 
then the area contained between the curve, the axis of y^ and 

T. I. C. 8 
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lines drawn parallel to the axis of x at distances respectively 
equal to y^ and y, is ( '<f> (y) dy. This is obvious after the 
proof of the similar proposition in Art. 128. 

135. The formulas in Arts. 128 and 134 furnish one of 
the most simple and important examples of the application of 
the Integral Calculus. As we have already remarked, the 
problem of determining the areas of curves was one of those 
which gave rise to the Integrar Calculus, and the symbols 
used are very expressive of the process necessary for solving 
the problem. In the figure to Art. 128, the student will see 
that the rectangle PpNM may be appropriately denoted by 
yAa?, and the process of finding the area of ADEB amoimts 
to this ; we first efiect the addition denoted by SyAa?, and 
then diminish Aa indefinitely. 

136. Suppose we require the area contained between the 
curve v= c sin - , the axis of x. and ordinates at the distances 

a?j and x^ respectively from the axis of y. We have 

f *» . aj , / X. ajA 

c sm- ewe = ca cos — — cos -* • 

Suppose then a?^ = and x^ = air; the area is 2ca. Next 
suppose fljj = and x^ = 2a7r ; the result 

ca cos -^ — cos — 
\ a a) 

becomes zero in this case, which is obviously inadmissible, 

• X 

smce the area must be some positive quantity. In fiEWSt sin - 
is negative from aj = a7r to aj = 2a7r, but in the proof that the 
area is equal to \ydx^ it is supposed that y is positive. If 

y be really negative the area will be /(— y) dx. 

Thus in the present example the area will not be 

sm - dx but c\ sm - di + c I — sm - ufe, . 
ho. Jo a }an \ a) ' 
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that IS, c\ sin - dir — c I sin - da? ; 

Jo « Jan a ^ 

this will give 2ca + 2ca, that is, 4tca. 

Plane Areas, Rectangular Formulce. Double Integration. 

137. In Art. 128 we have obtained a formula for finding 
the area of a curve ; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantity of which yAa; is the type. We shall now proceed to 
explain another mode of decomposing the required area into 
elemental areas. 
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Suppose we require the area included between the curves 
BPQE and hpqe^ and the straight lines Bh and Ee. Let a 
series of lines be drawn parallel to the axis of y, and another 
series parallel to the axis of x. Let st represent one of the 
rectangles thus formed, and suppose x and y to be the co-ordi- 
nates of », and X + Ao; and y + Ay the co-ordinates of t ; then 
the area of the rectangle st is AajAy. Hence the required 
area may be found by summing up all the values of AosAy, 
and then proceeding to the limit obtained by supposing Aa? 
and Ay to diminish indefinitely. 

We efiect the required summation of such terms as Aa;Ay 
in the following way: we first collect all the rectangles 

8—2 
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Similar to st which are contained in the strip PQqp, and 
we thus obtain the area of this strip ; then we sum up all 
the strips similar to this strip which lie between Bb and 
JEe. Tne error we may make by neglecting the element of 
area which lies at the top and bottom of each strip, and 
which is not a complete rectangle, will disappear in the limit 
when Ax and Ay are indefinitely diminishea. . ,^ 

Let y = ^(a;) be the eauation to the upper curve, and 
y = yfr{x) the equation to tne lower curve; let OC—c and 
0H= A, then if A denote the required area, we have 

A= I I dxdy ; 

for the symbolical expression here given denotes the process 
which we have just stated in words. 



have 



Now I c?y = y, therefore / dt/ = (f> {x) — yjt {x) ; thus we 



A=^j\(f>{x)'-ylr{x)}dx. 



In this form we can at once see the truth of the expression, 
for <!> (a?) — '^ {x) =PL —pL^ Pp ; thus {<f> (x) — '^ (a?) } Aa? may 
be taken for the area of flie strip PQqp, ana the formula asserts 
that A is equal to the limit of the sum of such strips. 

The lines in the figure are not necessarily equidistant: 
that is, the elements of which Ax Ay is the type are not 
necessarily all of the same area. 

138. The result of the preceding article is, that the area 
A is found from the equation 



A^{^[^{x)'-^{x)]dx. 



This result may be obtained in a very simple manner as 
shewn in the latter part of the preceding article, so that it was 
not absolutely necessary to introduce the formula of double 
integration. We have however drawn attention to the 
formula 

-4 =s I I dxdy 
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because of the illustration which is here given of the process 
of double integration; the student may thus find it easier to 
apply the processes of double integration to those cases where 
it IS absolutely necessary, of which examples will occur here- 
after. ' 

139. If the area which is to be evaluated is bounded 
by the curves aj = '^(y), and aj = ^(y), and straight lines 
parallel to the axis of x at distances respectively equal to c 
and h, we have in a similar manner 

dydx=\ {<p{l/)-ir(y)}dy. 
Hy) J c 

Some examples of the formulae of Arts. 137 and 139 will 
now be considered ; we shall see that either of these formulae 
may be used in an example, though generally one will be 
more simple than the other. 

140. Required the area included between the parabola 
y^ = ax and the circle ^ = 2ax — a?. 

The curves pass through the origin and meet at the point 
for which a? = a ; thus if we take only that area which lies 
on the positive side of the axis of a?, we have 

j 4 3 

The whole area will therefore be 2 i— r- j . 

Suppose that we wish in this example to integrate with 
respect to x first. From the equation y'= 2aa; — aj* we deduce 
a; = a + V(«'— y*)> and it will appear at once from a figure' 
that we must take the lower sign in the present question. 

Thus let x^ stand for a — V(«' — y^)> and x^ for — , then 

Oft 

c? 9 . Tra* irc? 2a* , ^ 

*= j-a' + — =-^ ^, as before. . 
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The reader should draw the figure and pay close attention 
to the limita of the integrations. 

141. In the accompanying figure 8 is the centre of a 
circle BLJD, 8 is also the focus of a parabola ALG; we shall 




indicate the integrations that should be performed in order to 
obtain the areas -42/5 and LBC. This example is introduced 
for the purpose of illustrating the processes of double integra- 
tion^ and not for any interest in the results : the areas can be 
easily ascertained by means of formulae already given ; thus 
ALB is the difference of the parabolic area AL8 and the 
quadrant 8LB; and similarly X-DC is known. 

T«ie 8 for origin. In miding the area ALB it will be 
ponvenient to suppose the positive direction of the axis of x 
to be that towards the left hand ; thus if 4a be the latus 
rectum of the parabola, and therefore 2a the radius of the 
circle, the equation to the parabola is y* = 4a (a — a?), and that 
to the circle t^ = Aa^—a?. 

Suppose we integrate with respect to x first, then 



where 



a, 



area ALB 



= [ / dt/dx, 

Jo Jx^ 



'-""£' »'. = V(4a*-y^. 



For here (a?, — ajj Ay represents a strip included between 
the two curves and two lines parallel to the axis of x; and 
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strips are situated at distances j&om the axis of x ranging 
between and 2a, so that the integration with respect to y is 
taken between the limits and 2a. 

Suppose we integrate with respect to y first ; we shall then 
have to divide the area into two parts bj the line AF. Let 

y^ = V(4«' - ^<^)j y^ = V(^a* - a^ 5 
then SLresiALF=^ ( I dxdy—\ {y^-^y^dx; 

J J y^ Jo 

area-4ji?!B=» I I dxdy^\ y^dx; 

J a Jo J a 

the sum of these two parts expresses the area ALB. 

Next take the area LDC\ suppose now the positive direc- 
tion of the axis of x to be that towards the right hand, then 
the equation to the parabola is y' = 4a (a + a), and that to the 
circle y' = 4a' — a?". 

Suppose we integrate with respect to y first ; let 
y^= V(4a' — a?) and y^ = V(4a* + 4aa?) ; 



then area J)LG 



= I I dxdy. 

Jo Jy^ 



Suppose we integrate with respect to x first; we shall then 
have to divide the area into two parts bj the line LK. Let 

then we shall find that DO^ 2ah/^^h suppose ; thus 
area DLK— I \ dydx^ 

dydx; 
the sum of these two parts expresses the area LDG. 
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142. One case in whicli the formuln of Arts. 137 and 
139 are useful is that in which the hounding curves are 
different branches of the same curve. Suppose the equa- 
tion to a curve to be (y — wkc — c)* = a' — ir; thus 

Here we may put 

-^ (a?) = WW? + c — V(^* " ^> 

thus <^(a?)— '^(a?)=s2 V(a* — a^)> and the complete area of 
the curve is 

I 2V(«' — a?*)^} that is, Tra". 

143. We have hitherto supposed the axes rectangular, 
but if they are oblique and inclined at an angle a>, the for- 
mula in .^. 128 becomes 



^sgino) 



l^{x)dXf 



and a similar change is made in all the other formulas. It is 
obvious that such elements of area as are denoted by vAx 
and AyAo? when the axes are rectangular will be. denoted by 
sin a> y Ao; and sin a> Ay Ax when the axes are inclined at an 
angle a>. 

For example, the equation to the parabola is y*=4a'aj when 
the axes are the oblique system formed by a diameter and 
the taneent at its extremity; hence the area included be^ 
tween the curve, the axis of x, and an ordinate at the point 
for which a? = c, is 



sin 0)1 ^{4a!x)dx — 



4 sin fi> \/«'<5 



3 



that is, two thirds of the parallelogram which has the abscissa 
c and the ordinate at its extremity for adjacent sides. 
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Phme ArecLS, Polar Formulce, Single IntegraMon. 




144. Let GPQ be a curve, of which the polar equation is 
r=^(5), and suppose r, Q to be the co-ordinates of a point P. 
Let A denote the area included between the curve, the radius 
vector BO drawn to a fixed point (7, and the radius vector 
5P, then {Diff. Gal Art. 313) 

rf^" 2 • 
Hence A=^^j{<f>{ff)}'de. 

Let -^ (^ be the integral of ^'^\'> , then 

A = yjr{d) + a 

Let A^ denote the area when the variable radius vector is 
at an angular distance 0^ from the initial line, and let A^ 
denote the a;rea when the variable radius vector is at an an- 
gular distance 6^ from the initial line; then 

therefore A,- A^ = f {$;) - ^ (^J = J f '{^ (^}» dd. 

145. Ajopltcatian to the Equiangular Spiral. 
In this curve r = he^; thus 

-4 = iJjVrf^=^e'^+C; 



122 AREAS OF PLANE CUBYES AKD OF SURFACES. 



and ^,-^, = iJ V6Trfd = Y(«"^-«^="iW-0' 



where r^ and r, are the extreme radii veotores of the area 
considered. 



146. Application to the Parctbola. 
Let the foctis be the pole, then 



r= a ; thus -4 



a'fdO 
jcos*- 



2 



= ^f(l + tan"|)sec*|rfd=a*tan| + ^tan»|+a 
Hence ^.-^, = a»(tan^ -tan|) + ^(tan»|--tan*|). 

Suppose that O^ssO and ^, = -^9 then we obtain for the 
area 0*+ •5- , that is, — ; this agrees with Art. 131. 

For another example we will suppose the parabola refer- 
red to the intersection of the directrix and the axis as pole, 
the axis being the initial line. Here 

"^-^^ ^^ ' 

thus ^^2^.[co^'0 + <^^^O-^^^O^{co^^0) ^ 
J amrff 

J sm*5 J awid 
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Now jl^^^^^:^^d0=^j{2co^0-l)cosec'0d0 

= -f cot'd + cot^. 

A ^ rcoa0^{cos20)d0 f^/{l-'2am''0)dain0 
^""^ J iS^9 =J ^^ > 

assume sin d = - , then the integral becomes 
t 

-j^/{t'-2)tdt, that is, -J(^_2)i 
Hence, adding the constant, we hare 

^=^(cosec'^-2)*-^cof ^ + 2a*cot^+ C 

o sm u 

The constant will be zero if A commences from the initial 
line; for it will be found on investigation that 

2 cot 5 + - r-g^ vanishes when ^ = 0. 

«5 sm u 

147. ApplicaHon to the curve r = a (^ + sin 0). Here 

^ = |[(^ + 8in^*i^ = ^j"(^+2^sin^ + 8m«^)rfdj 

and /^8in^<?^ = -^cosd + 8intf 

Jsin'^ dd = i J(l - cos 2^ e?^ = I - ^^ , 

thus ^ = ^||-2^cosd + 2sin^ + |-^|+a 

Suppose we require the area of the smallest portion which 
is bounded by the curve and by a radius vector which is 
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incKned to the initial line at a right angle ; then we have 
and Jtt as the limits of the integration. Thus the required 
area is 



?{&-:-}• 



Plane Curves. Polar Formuke, Double Integration. 

148. In Art. 144 we have obtained a formula for finding 
the area of a curve; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantity of which \r^M is the type. We shaU now proceed 
to explain another mode of decomposing the required area 
into elemental areas. 




Suppose we require the area included between the curves 
BPQE and hpqe, and the straight lines Bh and Ee, Let a 
series of radii vectores be drawn from 0, and a series of circles 
with as centre; thus the plane area is divided into a series 
of curvilinear quadrilaterals. Let st represent one of these 
elements, and suppose r and 9 to be the polar co-ordinates of 
«, and r + Ar and O-^-LO the polar co-ordinates of ^; then the 
area of the element st will be ultimately rAOAr. Hence the 
required area is to be found by summing up all the values of 
rA^Ar, and then proceeding to the limit obtained by sup- 
posing A^ and Ar to diminish indefinitely. 
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We effect the required summation of such terms as rAd Ar 
in the following way: we first collect all the elements similar 
to 8t which are contained in the strip PQqp, and thus obtain 
the area of the strip; then we sum up all the strips similar to 
this strip which lie between Bb and M. 

Let r — <l>{0) be the equation to the curve BPQE and 
T=z'^{0) the equation to the curve bpqe^ let a and /8 be the 
angles which OB and OE make respectively with Ox ; and 
let A denote the required area, then 

A^ { I rdOdr; 

for the symbolical expression here given denotes the process 
which we have just stated in words. 






Now I rdr « — , therefore 

U{0) 



thus we have 



r 

J* 



In this form we can see at once the truth of the expres- 
sion, for OP ^^[6) and Op = '^(^), and thus 

may be taken for the area of the strip PQqjp, and the formula 
asserts that the area A is equal to the umit of the sum of 
such strips. 

149. The remark made in Art 138 may be repeated 
here; we have introduced the process in the former part of the 
preceding article, not because double integration is absolutely 
necessary for finding the area of a curve, but because the 
process of finding the area of a curve illustrates double inte- 
gration. 

150. If the area which is to be evaluated is bounded by 
the curves whose equations are ^»!^(r), d=5'^(r) respectively, 



f 
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and "by the circles whose e<]^uations are r = a and r = J re- 
spectively, it will be convenient to integrate with respect to 
tf^ first. In this case, instead of first summing up all the 
elements like st, which form the strip PQqpy we first sum up 
all the elements similar to st which are included between the 
two circles which bound st and the curves determined by 
= (f}(r) and = '^{r), Thus we have 

rdr d0. 

Some examples of the formulae in Arts. 148 and 150 will 
now be considered ; we shall see that either of these formulae 
may be used in an example, although one may be more con- 
venient than the other. 

151. We will apply the formulae to find the area between 
the two semicircles OPB and Opb and the straight line hB. 




Let Oh == c, OB:^h, then the equation to OFB is r = A cos 0, 
and the equation to Ojph is r = c cos 0. Thus the area 



nhcoaB 
rd0dr. 
6CO80 

rhcmB 



rhcmB 
Now rdr^^ (A* - c") cos'^ ; 

thusthe area = i(A*-c')pcos*5(?^=^(A«-c'). 

Suppose we wish to integrate with respect to first ; we 
shall then have to divide the area into two parts by describing 
an arc of a circle from as centre, with radius Ob. Then 
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the area bounded by this arc, the straight line Bb, and the 
larger semicircle is 



rdr dd. 



ir 



f eJQ 

The area bounded by the aforesaid arc, the semicircle Opb, 
and the larger semicircle is 



. rdr dO. 

QJ COS-1- 




fl 



The sum of these two parts expresses the required area. 

152. Let us apply polar formulae to the example in 
Art. 141. With Sslb pole, the polar equation to the parabola is 

r (1 + cos 5) = 2a or r cos*- = a, where is measured from 

SB ; and the polar equation to the circle is r = 2a. Hence, 
if we integrate with respect to r first. 



,0'' 
asec «■ 



area ALB^ \ \ ^^ rdOdr. 
§■ 

If we integrate with respect to 6 first, we shall have if 

^ - 2a — r 

ft =» cos^ 

^ r 

area ALB = I I rdr dO. 

J a J 

Next consider the area JDLG, The equation to DC is 
r cos 5 = — 2a ; the length of 8G is 4a, and the angle B8G 

is — . Let 0j^ = cos"^ , 0^ = cos"^ f j . Then if 

we integrate with respect to first, 

riar»a 

area2>i(7= rdrd0. 






If we integrate with respect to r first, we shall have to 
divide the area into two parts, by the line joining 8 with C. 
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The area of the portion which has LC {or one of its bounda- 
ries is 



.asec"-^ 



f/ 



rdQ dr. 



wJ2a 
2 



The area of the remaining portion is 



w r-2asec9 



n 



rdQ dr. 



aw to 

8 



The sum of these two parts expresses the required area. 

153. A good example is supplied by the problem of find- 
ing the area included between two radii vectores and two 
different branches of tiiie same polar curve. 




Suppose BBp\ GQqc to be two different arcs of a spiral, 
and tibat the area is to be evaluated which is bounded by 
these arcs and the straight lines BG and be ; then the area is 



ij{r:-r,^de, 
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. where r, denotes any radius vector of the exterior arc, as SQ, 
and r^ the corresponding radius vector 8P of the interior arc. 
The limits of d will be given by the angles which SB and 
Sb respectively make with the initial line. 

Take for example the spiral of Archimedes ; let be the 
whole angle which the radius vector has revolved through 
from the initial line until it takes the position 8P; so that 
may be an angle of any magnitude. 1 rom the nature of the 
curve we have 8P or r = aS, where a is some constant. If 
then CQ is the next branch to BP we shall have 

SQ = a{0 + 2ir). 

Suppose 0^ and 0^ the values of for fiSand 8b respectively; 
thus the area BbcG 

154. The student will remark a certain difference between 

the formulae jjdxdi/ and \\rd0dr, which express the area 

of a plane figure. The former supposes the area decomposed 
into a number of rectangles and Ax Ay represents the true 
area of one rectangle. Hence in taking the aggregate of 
these rectangles to represent the required area the only error 
that can arise is owing to the neglect of the irregular elements 
which occur at the top and bottom of each strip ; as we have 
already remarked in Art. 137. But in the second case rA0At 
is not the accurate value of the area of one of the elements, 
so that an error is made in the case of every element. It is 
therefore important to shew formally that the error disappears 
in the limit, which may be done as follows. The element st 
in the figure of Art. 148 is the difference of two circular sectors, 
and its exact area is 

that is, rArA0 + \ (Ar)» A5. 

T. I. C. 9 
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In taking the former term to represent the area we neglect 
^(Ar)*A^. Hence the ratio of the term neglected to the 
term retained 

^ |(Ar)'Ag ^Ar 
r ArA^ 2r ' 

By taking Ar small enough this ratio may be made as small 
as we please. Hence we may infer that the sum of the 
neglected terms will ultimately vanish in comparison with 
the sum of the terms retained, that is, all error oisappears in 
the limit. 



Other Polar Formulce. 

155. Let 8 be the length of the arc of a curve measured 
from some fixed point up to the point whose co-ordinates are 
r and 0\ let ^ be the perpendicular from the origin on the 
tangent at the latter point; then the sine of the angle between 

this tangent and the corresponding radius vector is. r-j- {Diff. 

Cat. Art. 310) ; also ^ is another expression for this sine ; 

hence, r -,- = -. Let A denote the area between the curve 
' 08 r 

and certain limiting radii vectores ; then 

the limits of 5 in the latter integral must be such as correspond 
to the limiting radii vectores of the area considered. 

The result can be illustrated geometrically ; suppose P, Q 
adjacent points on a curve, S the pole, p the perpendicular 
from S on the chord PQ ; then, the area of the triangle PQS 

= ip X chord PQ. 

Now suppose Q to approach indefinitely near to P, then j9'=jp, 
and the limit of the ratio of the chord PQ to the arc PQ is 
unity. 
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156. Since jpds^ fp^dr^j^^^^ (Art 85), 
we have ^ = jj_^^^. 

157. Application to the Epicycloid. 
Here j?*= ^ ^ JT* > *^^ 



= -[- 



, where z*=:t* — a*. 



Now 

/• g*<fe _ f ^-{c'-c^ J , ^^ ^ /• <fe 

"■ 2 ^'"^ V(c'-a«) 2 

2"®"" V(c*-a') 2 • 

Taking this between the limits r = a and r = c, we get 
■ , that is, J (a + 1) tt. Hence the area is — ft (a+ J) tt, 

that is, ' ^— ^ ^ — . By doubling this result we ob- 
tain the area between the curve and the radii vectores drawn 
to two consecutive cusps, which is therefore ■■ — — . 

The area of the circular sector which forms part of this area is 
irab ; subtract the latter and we obtain the area between an 
arc of the epicycloid extending from one cusp to the next cusp 

9—2 
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and the fixed circle on whicli the generating circle rolls; the 

result is 

If}? 

— (3a + 2i). 
a 

158. Similarly in the hTpocjcloid the area between the 
fixed circle and the part of the curve which extends between 
two consecutive cusps maj be found. K a is greater than h 
the result is 



Area bettoeen a Curve and its Evolute, 

159. In the figures to Art, 114, if we suppose the string 
or line PQ to move through a small angle A^, the figure 
between the two positions of the line and the curve AF may 
be considered ultimately as a sector of a circle ; its area will 
therefore be ip'A<^, where p=^PQ. Thus if A denote the 
whole area bounded by the curve, its evolute, and two radii 
of curvature corresponding to the values ^^ and ^, of ^, we 
have 



J Pi 



Since ^ = - , we may also write this 
as p '' 

A==i jpds, 

the limits of s being properly taken so as to correspond with 
the known limits of (j). 

160. Ajpplicatton to the Catenary. 
Here 8 = c tan <}>, Art. 109 ; 

therefore p = c sec* ^, -^ = i / ^' sec*<^ e?^ ; 



AREAS OP PLANE CUBVES AND OP SURPACES. 133 

and / sec*^rf^ = tan ^ + J tan'^ + C; 

thus A is known. 



Area of Surfaces of Sevolution. Bectangvlar Formulce. 
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161. Let^ be a fixed point in the curve APQ] let x, y 
be the co-ordinates of any point P, and « the length of the 
arc AP. Suppose the curve to revolve round the axis of x, 
and let 8 denote the area of the surface formed by the revolu- 
tion of -4P; then {Diff. Cal. Art. 316) 



therefore 



thus 



and 



d8 „ 
8=ji 



(1); 

.(2), 



.(3). 



Of these three forms we can choose in any particular ex- 
ample that which is most convenient. If v can be easily 

expressed in terms of * we may use (1) ; if -«-. can be easily 

expressed in terms of y we may use (3) ; in some cases it may 

be more convenient to express y and -j- in terms of x and 

use (2). 
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In each case the area of the surface generated by the arc 
of the curve which lies between assi^ed points will be found 
hj integrating between appropriate limits* 

162. Ajfpliccaion to the Cylinder. 

Suppose a straight line parallel to the axis of a; to revolve 
round the axis of a;, thus generating a right circular cylinder: 
let a be the distance of the revolving line from the axis of x ; 

then yssa, and^=:l; 

thus by equation (2) of Art. 161, 

iSf=27r |adaj=s27raa:+ C. 

Suppose the abscisssB of the extreme points of the portion 
of the une which revolves to be o;^ and x^; th^ the surface 
generated 



^27ra| daj = 27ra(ajj — a?j). 



163. Ajaplication to the Cone. 

Let a straight line which passes through the origin and is 
inclined to the axis of x at an angle a revolve round the axis 
of Xy and thus generate a conical surface. Then 

y = a;tana, and T-=seca; 

thus by equation (2) of Art. 161^ 

iS = 27r / tan a sec a a? da? = TT tan a sec a 05* + C7* 

Hence the surface .of the frustum of a cone cut off by planes 
perpendicular to its axis at distances aj^, a?, respectively from 
the vertex is 

TT tan a seca (a?j* — 3?^"). 

Suppose x^ s 0, and let r be the radius of the section made 
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by the plane at the distance a?,, then r = a?jtana, and the 
area is 

^reosecar'. 

164. A^ltcatton to the Sphere. 

Let the circle given by the equation y' = a* — a:^ revolve 
round the axis of x ; here 

rfy _ X 
dx" y' 

Hence by equation (2) of Art. 161, 

8i=27r jy -dx^ 27ra jdx ^ 2'rrax + d 

Thus the surface included between the planes determined by 

aj = a?j and aj = a5j is 27ra (a?, — aj. 
Hence the area of a zone of a sphere depends only on the 
height of the zone and the radiits of the spnere, and is equal 
to the area which the planes that bound it would cut off from 
a cylinder having its axis perpendicular to the planes and 
circumscribing the sphere ; and thus the surface of the whole 
sphere is 47ra*. These results are very important. 

165. Application to the Prolate Spheroid. 

Let the ellipse given by ay + JV= aV revolve round the 
axis of X whicn is supposed to coincide with the major axis 
of the ellipse ; here 

dy _ Vx 

dx d^y ' 

Hence by equation (2) of Art. 161, 



~[S-^y-^'--~v 
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The surface generated by the revolution of a quadrant of 
the ellipse will be obtained by taking and a as the limits of 
X in the integration. This gives 



.a5{v(l-e«) + ?i^| 



166. Suppose one curve to have for its equation y = <b{x), 
and another curve to have for its equation y = '^{x), and let 
both curves revolve round the axis of x. Let s^ and s, denote 
the lengths of arcs measured from fixed points in the two 
curves up to the point whose abscissa is x. Let 8 denote the 
mm of the areas of both surfaces intercepted between two 
planes perpendicular to the axis of x at the distances x^ 
and a?j respectively from the origin. Then, by Art. 161, 

Suppose, for example, that there is a curve which is bisected 
by the line y=a, so that we may put y = a + x(aj) for the 
upper branch and y = a — % (^) ^^^ *"® lower branch. Hence 

dx" dx^ 

and 8^ Aira j ~dx = iira I da^y 

the limits for «, being taken so as to correspond with the 
assigned limits of x. 

Hence, if there be any complete curve which is bisected hj 
a straight line and made to revolve round an axis which is 
parallel to this line at a distance a from it and which does not 
cut the curve, the area of the whole surface generated is equal 
to the length of the curve multiplied by 27ra. 

167. For example, take the circle given by the equation 

(x-A)«+(y-*)«~c' = 0. 

Here the area of the whole surface generated by the revolu- 
tion of the circle round the axis of x will be 2irk x 2irc. 
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There is no difficulty in this example in obtaining sepa- 
rately the two portions of the surface. For the part above 

the line y = Aj, we have 27r ly da, that is, 

2^fc + V{c"-(a:^A)"}]*, 

that is, 2^ Ihds + 27r \\/{<? - (a? - Kf] da. 

The former of these integrals is 2ir1ca ; the latter is equal to 
27r|v{c"-(aj-A)»}ge?aj, 

which will reduce to 27r I cdic, that is, 2ircx. Hence the sur- 
face required is found by taking the expression 2Trha + ^ircx 
between proper limits. 

Area of Surfacea of Revolution. Polar Formulce. 

168. It may be sometimes convenient to use polar co- 
ordinates ; thus Irom Art. 161 we deduce 

8:=J27n,da^J2'7nf^dd=J2irrsm0^d0, 

169. Application to the Cardioide. 
Here r = a (1 + cos^ ; thus 

da 

^ =:a V{(1 + cos fff'\' sin'' ^} =a V(2 + 2 cos ^) =2aco8 - ; 

therefore 

8 = 47ra" J (1 + cos ff) cos - sin 0d0 = 167ra* [cos* | sin | rf^ 

327ra» J ^ 
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The surface formed by the revolution of the complete 
curve about the initial line will be obtained by taking 

and IT as the limits of ^ in the integral. This gives — — . 

Any Surjuce. Double Integration. 

170. Let a?, y, « be the co-ordinates of any point ji? of a 
surface; cc + Ao^ y + Ay, z + Az Hie co-ordinates of an ad- 




XSfc' 



jacent point q. Through p draw a plane parallel to that 
of {Xf z)j and a plane parallel to that of (y, z) ; also through 
q draw a plane parallel to that of {x, z) and a plane parallel 
to that of (y, z). These planes will intercept an element pq 
of the curved surface, ana the projection of this element on 
the plane of (a;, y) will be the rectangle PQ. Suppose the 
tangent plane to the surface at ^ to be inclined to the plane 
of (a?, y) at an angle 7, then it is known from solid geometry 
that 



Vh©'^(l)}' 



sec7 

where -j- and -y- must be found from the known equation to 
ax ay ^ 
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the surface. Now the area of PQ is Ax Ay, hence by solid 
geometry the area of the element of the tangent plane at p of 
which PQ is the projection is Arc Ay sec 7. We shall assume 
that the limit of the sum of such terms as Aa? Ay sec 7 for all 
values of x and y comprised between assigned limits is the 
area of the surface corresponding to those limits. Let then 8 
denote this surface ; thus 

the limits of the integrations being dependent upon the 
portion of the surface considered. 

171* With respect to the point assumed in the preceding 
article, the reader is referred to the remarks on a similar point 
in Dtf. Cal. Art. 308. He may also hereafter consult De 
Morgan's Differential and Integral Calculus^ page 444, and 
Homersham Gox^s Integral Calculus^ page 96. 

172. Application to the Sphere. 

Let it be required to find the area of the eighth part of the 
surface of the sphere given by the equation 

TT dz X dz y 

Here t- = --> t- = -"-; 

dx « dy « 

Now in the figure we suppose OL = x ; put y^ for iZ, then 
^1 = V(«* — a^> for the value of y^ is obtained from the equa- 
tion to the surface by supposing « = 0. If we integrate with 
respect to y between the limits and y,, we sum up all the 
elements comprised in a strip of which LMml is the projec- 
tion on the plane of (a:, y). ITow 

['' dy P ' dy tt. 
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thus 8=^ — I dx. 

If we integrate with respect to w from to a, we sum up 
all the strips comprised in the surface of which OAB is the 

projection. Thus -^ is the required result ; and therefore 

the whole surface of the sphere is A7ra\ 

If we integrate with respect to x first, we shall have 

where aj^ = V(«' - y). 

173. As another example let it be required to find the 
area of that part of the surface given by the equation 

a" + (a?cosa +y sin a)" — a*= 0, 

which is situated in the positive compartment of co-ordinates. 
This surface is a right circular cylinder, having for its axis 
the line determined by « = 0, a; cos a +y sin a =0, and a is 
the radius of a circular section of it. Here 

dz^_ cos g (a?cos g -f y sin g) 

dx^ z * 

— — SIP g (a? cos g -f y sin g) 
rfy""" z ' 

thus ^^[f±^^^f f ^^^y . 

J J « jJV{» — (»cosg + ysmg)*} 

The co-ordinate plane of (a?, y) cuts the surface in the 
straight lines a = + (a? cos g + y sing), and if the upper sign 
be taken, we have a line lying in the positive quadrant of 
the plane of (a?, y). 

To obtain the value of 8 we integrate first with respect to 
y between the limitsy = and y=(a — ajcosg)cosecg; now 



/: 



dy 1 . .^ agcosg-f-ysing ^ 



V{a* — (a? cos g + y sin g)*} sin a 



sm 
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take this between the assigned limits, and we obtain 

-: — (---sin^ }; 

8ina\2 a J^ 

therefore ^= -; — IW — sin"^ \dx. 

sinaj|2 a ) ' 

and' the limits of the integration are and . Hence we 

° cosa 

shall find 

8^ 



sm a cos a 



174. Instead of taking the element of the tangent plane 
at any point of a surface, so that its projection shall be the 
rectangle Aa? Ay, it may be in some cases more convenient to 
take it so that its projection shall be the polar element rLd Ar. 
Thus we shall have 

8^ jjsecyrdddr. 

For example, suppose we require the area of the surface 
ay = az, which is cut off by the surface a?+y^ = c^; here 

J J ^ ^^ 

175. Suppose x^r sin 6 cos ^, y=r sin d sin ^, «=r cos ^, 
so that r, ^, ^ are the usual polar co-ordinates of a point in 
space ; then we shall shew hereafter that the equation 

may be transformed into 
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An independent geometrical proof will be found in the 
Cambridge and Dublin Mathematical Journal, Vol. IX., and 
also in Carmichaers Treatise on the Calculus of Operations. 
It will be remembered that in this formula r = V(a? +y* + «*), 
while in-Ajt. 174 we denote ^{a? +y^ by r. 

AjjproQcimate Values of Integrals. 
176. Suppose y a function of x, and that we require 
I ydx. If the indefinite integral jydx is known we can at 

once ascertain the required definite integral If the inde- 
finite integral is unknown, we may still determine approxi- 
mately the value of the definite integral. This process of 
approximation is best illustrated by supposing y to be an ordi- 
nate of a curve so that I ydx represents a certain area. 

Divide c — a into n parts each equal to h and draw n — 1 
ordinates at equal distances between the initial and final 

ordinates; then the ordinates may be denoted by y^, y,, 

y» 9 y»+i • Hence we may take 

as an approximate value of the required area. Or we may 
take 

*(y«+y8 +yiHi) 

as an approximate value. 

We may obtain another approximation thus ; suppose the 
extremities of the r^ and r + l\ ordinates joined ; thus we 

have a trapezium, the area of which is (y, + y^J - . The 

sum of all such trapeziums gives as an approximate value of 
the area 



^{f +ya+y. +y»+^}. 



This result is in fact half the sum of the two former re- 
sults. It is obvious we may make the approximation as close 
as we please by sufficiently increasing n. 
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177. The following is another method of approximation. 
Let a parabola be drawn having its axis parallel to that of y ; 
let y^ yj, y^ represent three equidistant ordinates, A the dist- 
ance between y^ and y,, and therefore also between y^ and y^. 
Then it may be proved that the area contained between the 
parabola, the axis of x^ and the two extreme ordinates is 

g(yi + 4ya+y,). 

This will be easily shewn by a figure, as the area consists of 
a trapezium and a parabolic segment, and the area of the 
latter is known by Art. 143. 

Let us now suppose that n is even, so that the area we have 
to estimate is divided into an even number of pieces. Then 
assume that the area of the first two pieces is 

that the area of the third and fourth pieces is 

3(y8 + 4y, + yJ, 
and so on. Thus we shall have finally as an approximate result 

3{yi + 2(ys+y5+ yn.i)+y.Hi+*(y»+y4 +yO}- 

Hence we have the following rule : add together the first 
ordinate, the last ordinate, twice the sum of all the other odd 
ordinates, and four times the sum of all the even ordinates ; 
then multiply the result by one-third the common distance 
of the ordinates. This rule is called Simpswi^s Bule. 



EXAMPLES. 

If A denote the area contained between the catenary, 
the axis of a?, the axis of y, and an ordinate at the 
extremity of the arc s, shew that A^cs. The arc s 
begins at the lowest point of the curve. 
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2. The whole area of the curve 



©'-«)' 



is f TToJ. (The integration may be effected by as- 
suming x = a cos'0.) 

3. The area of the curve y {a? + a^) =c*(a — a?) from ic=0 

to X = a is c* f- — i log 2 j . 

4. The area of the curve i/'x = 4a' (2a — aj) from a: = to 

a? = 2a is 47ra*. 

5. Find the whole area between the curve y* (a:* + a*) = aV 

and its asymptotes. Result. 4a'. 

6. Find the area of the loop of the curve y" = —^ — '- . 

Eemlt. 2a" ^1-^). 

7. Find the area bounded by the curve y' = — and 

a —a? 

the asymptote x='ay excluding the loop. 



Result. 2a' 



'(■-i) 



8. Find the whole area between the curve y' (2a — x)=x^ 

and its asymptote. Result. B7ra\ 

9. Find the whole area of the curve {y — xy—cP — a?. 

Result, ire?. 

10. Find the area included between the curves 

y* — 4aa: = 0, a;' — 4ay = 0. Result, -r— . 

11. Find the whole area of the curve ay + JV = a'JV. 

Result. faJ. 
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12. Find the area of a loop of the curve a^y* = oj* (a* — a?). 

Result, -r- . 

13. The area between the tractory, the axis of y, and the 

asymptote is — . (See Art. 100.) 



8 



14. Find the area of a loop of the curve 

15. Find the area of the loop of the curve 

16ay = 5V(a*-2aa?). Bemlt. ~. 

16. Find the area of the loop of the curve 

ResuU. a* {3 V2 log (1 + V2) - 2} . 

17. Find the whole area of the curve 

2/(a" + a0 -4aj^ (a'-aj") + (a'-aj»)» = 0. 

18. Find the area of the curve 

y == c sin - . log sin - 
from a?=sO to x^air. BesuU. 2ac(l — log2). 

19. Find the area of the curve ^ = ( - ) between a? = a and 

x=^fiy and from the result deduce the area of the hy- 
perbola xy^ct between the same limits* 

20. Find the area of the ellipse whose equation is 

aa? + 2Ja:y + oy'=sl. Result, -j? — ~p\' 
T. I. C. 10 
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21, Find the area of a loop of the curve r* = a' cos 20. 



Besulu — . 

Si 



22. Find the area contained hj all the loops of the curve 
7* j= a sin nd. - 

Result. — or — according as n is odd or even. 



23. Fii^d the area between the curves r =a cos nO and r = a. 

24. Find the area of a loop of the curve r" cos ^ = a* sin 3^. 

Besult. -— — — log 2. 

25. Find the whole area of the curve r =s a (cos 20 + sin 20). 

Result. Tra*. 

26. Find the area of a loop of the curve (p^ -f y')' = 4aVy*. 

Result. —- . 

o 

27. Find the whole area of the curve 

(iB« + y')» = 4aV+4jy. ResuM. 27r(a" + J'). 

28. Find the whole area of the curve 

29. Find the area' of the loop of the curve 

y'--3aay + ic'=0. Result. -^. 

30. Find the area of the loop of the curve 

r cos ^ = a cos 20. Result. \2 — ^ j a*. 
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31. Find the area of the curve 

V(a — " cos* 0) 
a being greater than J. . BesuU* // '^yv "^ "2^ * 

32. In a logarithmic spiral find the area between the curve 

and two radii vectores drawn from the pole. 

33. Find the area between the Qonchoid r^a + b cosec 

and two radii vectores drawn from the pole. 

34. In an ellipse find the area between the curve and two 

radii vectores drawn from the centre. 

35. In a parabola find the area between the curve and two 

radii vectores drawn from the vertex. 

36. Find the area included between the curve 

r = a (sec + tan 0) 

and its asymptote r cos = 2a. Result. ( — + 2 J a*. 

37. The whole area of the curve r = a (2 cos ^ + 1) is 

a'f27r + — — -J, and the area of the inner loop is 
3 V3\ 



■('-¥)• 



38. Find the whole area of the curve r = a cos ^ -f J, where 

a is greater than h. Also find the atear of the inner 
loop. 

39. If X and y be the co-ordinates of an eqiiilateral hyper- 

bola a;^ — y* = a', shew that 



^=2' 



a , ?H _3!!*, U , 'fH 



'+«"«"), y^zi^-e^). 



where u is the area intercepted between the curve, the 
central radius vector, and the axis. 

10—2 
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40. Find the whole area of the curve which is the locns of 

the intersection of two normals to an ellipse at right 
angles. Result. ir{a^ b)\ 

It may be shewn that the equation to the curve is 

r^(a" + 5')(a*sin»d + ycos»^« 

= (a«^ J7 (a«sin«^ - J* cos»^'. 

41. Find the area included within any arc traced hj the 

extremity of the radius vector of a spiral in a com- 
plete revolution, and the straight line joining the ex- 
tremities of the arc. If, for example, the equation to 

the spiral be r = a (— ) , prove that the area corre- 
sponding to any value of greater than 27r is 



Tra' 
2^ 



u^-'-ii-n 



42. Find the area contained between a parabola, its evolute, 

and two radii of curvature of the parabola. (Art. 159.) 

43. Find the area contained between a cycloid, its evolute, 

and two radii of curvature of the cycloid. 

44. Find the area of the surface generated by the revolution 

round the axis of a? of the curve xy^l^. 

m 

46. Also of the curve y^ae^. 

46. Also of the catenary y = ^ (e^+ 6'). 

47. Shew that the whole surface of an oblate spheroid is 

48. A cycloid revolves round the tangent at the vertex; 

32 
shew that the whole surface generated is — ire?. 

o 
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49. A cycloid revolves rotind its base ; sliew that the whole 

surface generated is — nrcf. 

50. A cycloid revolves round its axis; shew that the whole 

surface generated is 87ra* (tt — |). 

51. The whole surface generated hjr the revolution of the 

tractory round the axis of x is 47rc'. 

52. A sphere is pierced perpendicularly to the plane of one 

01^ its great circles by two right cylinders, of which 
the diameters are equal to the radius of the sphere and 
the axes pass through the middle points of two radii 
that compose a diameter of this great circle. Find the 
surface of that portion of the sphere not included 
within the cylinders. 

Result. Twice the square of the diameter of the 
sphere. 

53. Find the surface generated by the portion of the curve 

y = o±olog- between the limits x^a and aj = ae. 

54. Find I — , where dS represents an element of surface, 

and jp the perpendicular irom the origin U|)on the 
tangent plane of the element, the integral being ex- 
tended over the whole of the ellipsoid -, +^ + gi = 1. 

BesuU. ^j- («'*" + *V + cV). 
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CHAPTER Vm. 



VOLUMES OP SOLIDS. 



FormuloB involving Single Integration, Solid of 
Revolution. 




178. Let A be a fixed point in a curve APQ^ and P any 
other point on the curve whose co-ordinates are x and y. Let 
the curve revolve round the axis of a?, and let F denote the 
volume of the solid bounded by the surface generated by the 
curve and by two planes perpendicular to the axis of a:, one 
through A and the other through P; then {Diff. Cal. Art. 
314) 

dV . 



therefore 



^= / infdx. 



From the equation to the curve y is a known function of x ; 
suppose '^ (oj) to be the integral of in^ ; then 
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Let Fj denote the volume when the point Phaaaj^ for its 
abscissa, and V^ the volume when the point P has a?, for its 
abscissa; thus 

therefore ^a -- ^i = '^ (^J — -^ (ajj = tt / 'i/'dx. 

J Xi 

179. Application to the Eight Circular Cone, 

Let a straight line pass through the origin and make an 
angle a with the axis of a?; then this straight line will gene- 
rate a right circular cone by revolving round the axis of x. 
Here ys= a; tan a; thus 

F,-F. = ^« (..•-<). . . 

Suppose ^ = 0, and let r = a?, tan a ; thus the volume 

becomes ^ an g^;^ ^ ^^^ ^^ ^ J^« . Hence the volume of 

o 3 

a right circular cone is one-third the product of the area of 
the base into the altitude. 

180* Application to the Sphere. 

Here taking the origin at the centre of the sphere we have 
y^^cf — a?; thus 

l7n^dx=iir(cfx — sj + G 

The volume of a hemisphere = 1 in^dx^—^ . 

181. Application to the Paraboloid. 

Here the generating curve is the parabola, so that 
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Thus ^. - ^1 = ^ ; 4aaj dx = 2air {x^-x^. 

Suppose a?j = 0, then the volume becomes 2airx^, that is 
^Tiy^'ajj, where v^ = 4aa?j ; thus the volume is half that of a 
cyunder which nas the same height, namely a?„ and the same 
base, namely a circle of which y^ is the radius. 

182. Application to the Solid firmed hy a Cychid. 

Let a cycloid revolve round its axis ; here (-D«jf. Cal. Art. 

358) 

y = V(2flKB — 0!^ + a vers"^ - . 

The integration is best effected by putting for x and y their 
values in terms of {Biff. Cal. Art. 358). Thus 

IT [y'dx = 7ra^j{0 + 8mff)^sm0d0. 

To obtain the volume generated by a semi-cycloid the 
limits for x would be and 2a ; thus the corresponding limits 
for 5 are and tt. 

Now [0'Bm0 d0 ==: - 0'coB0 + 2 \0 C08 0d0 

=:-^cos5+2tfsintf + 2cos^, 
therefore [Vsin5e?tf«7r*-4; 

•'0 

of/1 • 8 /I J/1 f/i/^ r»/i\ jf/i ^ ^sin2^ cos 25 
2 j0Bm^0d0 = 15 (1 - cos 20) d0-- j-- , 

therefore 2 I 5sin'5 1?5 = — . 

IT 

And j'Bm*ed0=:2 rBia'ed0=:2.^. (Art. 35.) 

Thus the required Tolnme 
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183. This formula for the volume of a solid of revolution, 

F= JTn^dXf like others which we have noticed, is one, the 

truth of which is obvious, as soon as the notation of the Inte- 
gral Calculus is understood. In the figure to Art. 128, if 
FM be y and MN be denoted by Aa?, then iry'Ax is the 
volume of the solid generated hj the revolution of MNpP 
about the axis of x. Thus Stt^* Aa; will differ from the volume 
generated by the revolution of ADEB by the sum of such 
volumes as are generated bv PpQy and the latter sum will 
vanish in the limit. Thus the volume generated by the revo- 
lution of ADEB is equal to the limit of X'rn^Axj that is, to 

iiy^dx. 



/' 



184. Similarly, if V denote the volume bounded by the 
surface formed by a curve which revolves round the axis of y, 
and by planes perpendicular to the axis of y, we shall have 

And, as in Art 178, we shall have 



F,-Fj=r'7nB»rfy. 



185. Suppose two curves to revolve round the axis of a:, 
and thus to generate two surfaces, and that we require the. 
difference of two volumes, one bounded by the first surface 
and by planes perpendicular to the axis of a:, and the other 
bounded by the second surface and by the planes already 
assigned. Let y = ^(aj) be the equation to the first curve, 
and y^'^ix) that to the second. Then if V denote the 
required difference, we have 



V^^ir {4> [x)Y dx-'jiriir (a?)}» dx 
^7rf[{<l>{x)Y-{ir{x)}^dx. 
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If the planes which bound the required volume are de- 
termined hj x^x^ and x=^x^^ we must integrate bet9V«en 
the limits x^ and x^ for x, 

186. Suppose, for example, that a closed curve is such 
that the line y = a bisects every ordinate parallel to the axis 
of y; then we have ^(a;)=a + x(^) ana^(aj)=!a — x(aj), 
where x (^) d^iiotes some function of x. Thus 

(^(a,)}'-{^(a,)}» = 4ax(«), 

and F= ir Uax (a?) dx. 

Suppose the abscissae of the extreme points of the curve 
are x^ and a;,, then the volume generated by the revolution 

of the closed curve round the axis of a; is 4a7r| xi'^)^* 

And 2 1 ;^ (x) cZr is the area of the closed curve, so that the 

volume is equal to the product of 2(vrr into the area. This 
demonstration supposes tnat tiie generating curve lies entirely 
on one side of the axis of a:. 

If the generating curve be the circle given by 

we have ttc* for its area, and therefore 2k<?7t^ for the volume 
generated by the revolution, of it round the axis of x. 

187. In a similar way if the curves x = if>(v), x=^y^(v)y 
revolve round the axis of y we obtain for the volume bounded 
by these surfaces and by planes perpendicular to the axis of y 



V=-rrj[{<f>{!,)}'-bkm*]dy- 



188. The method given in Art. 178 for finding the volume 
of a solid of revolution may be adapted to any solid. The 
method may be described thus : conceive the solid cut up into 
thin slices by a series of parallel planes, estimate approxi- 
mately the volui)ie of each slice and add these volumes ; the 
limit of this sum when each slice becomes indefinitely thin is 
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the voluiiie of the solid required. Suppose that a solid is cut 
up into slices by planes perpendicular to the axis of x ; let 
if) (x) be the area of a section of the solid made by a plane 
which is at a distance x from the origin, and let x + Ax be 
the distance of the next plane from the origin ; thus these 
two planes intercept a slice of which the thickness is Ax^ and 
of which the volume may be represented by ^ (x) Ax. The 
volume of the solid will therefore be the limit of S^ {x) Ax, 

that is, it will be |^ {x) dx; the limits of the integration will 

depend upon the particular solid or portion of a solid imder 
consideration. 

189. A^ppUcation to an Ellipsoid. 
The equation to the ellipsoid is 

a? 1^ z* 

if a section be made by a plane perpendicular to the axis of x 
at a distance x from the ongin, the boundary of the section is 

an ellipse, of which the fiemiaxes are b./(l — jj and 

c a/ f 1 ij ; hence the area of this, ellipse is irhc (l — jj ; 

this is therefore the value of <l>{x). Hence the volume of 
the ellipsoid 

190. Application to a JPyraiaid. 

Let there- be a pyramid, the base of which is any rectilinear 
figure; let A be the area of the base and h the^ height. 
Take the origin of co-ordinates at the vertex of the pyramid, 
and the axis of x perpendicular to the base of the pyramid, 
then the volume of the pyramid 



■/, 



^{x) dx. 
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Now the section of the pyramid made by any plane paral- 
lel to the base is a rectilinear figure similar to the base, and 
the areas of similar figures are as the squares of their homolo- 
gous sides; and x and h are proportional to homologous sides; 
hence we infer that 

a? 

Thus the volume of the pyramid 

:^^rx'dx-^ 

This investigation also holds for a cone, the base of which is 
any closed curve. 

191. As an example we will find the volume lying be- 
tween an hyperboloid of one sheet, its asymptotic cone and 
two planes perpendicular to their common axis. 

Let the equation to the hyperboloid be 
and that to the cone 

t y!-f!-o 

If a section of the former surface be made by a plane 
perpendicular to the axis of x and at a distance x fi:om 
the origin, the boundary is an ellipse of which the area is 

TrJcf-j + l); the section of the second surface made by 

the same plane also has an ellipse for its boundary, and its 

area is — =— . Therefore the difference of the areas is ttJc. 

Hence the required volume, supposing it boimded by the 
planes x^x^ and x^x^^ is 

I irbcdXf that is, 7r5c(a:,— ajj. 
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192, Sometimes it may be convenient to make sections 
by parallel planes not perjjendicular to the axis of x. If a 
be tne inclination of the axis of x to the parallel planes, then 
if) {x) sin oAo; may be taken as the volume of a slice and 
the integration performed as before. 



FormuliB involving Double Integration. 
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193. We will first give a formula for the volume of a solid 
of revolution. In the figure, let a?, y be the co-ordinates of «, 
and a? + Aa?, y + ^y those of t. Suppose the whole figure to 
revolve round the axis of a?, then the element st will generate 
a ring, the volume of which will be ultimately 27ry AxAy: 
this Allows from the consideration that Ax Ay is the area of 
8t and 27ry the perimeter of the circle described by s. Hence 
the volume generated by the figure -REs6, or by any portion 
of it, will be the limit of the sum of such terms as 2'iryAxAy. 
Let F denote the required volume, then 



F=27r 



jjydxdy; 



the limits of the integration being so taken as to include all 
the elements of the required volume. 

194. Suppose that the volume required is that which is 
obtained by tne revolution of all the figure BEeh; let y = <j>{x) 
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be the equation to the upper curve, y = ^ft (x) that to the lower 
curve, and let OG=x^y OH^x^. We should then integrate 
first with respect to y between the limits y^'^ix) and 
y'=^4^{x)\ we thus sum up all the elements like 27ryAxAy 
which are contained in the solid formed by the revolution of 
the strip FQqp ; then we integrate with respect to x between 
the limits x^ and a?,. Thus to express the operation sym- 
bolically 



F=27r| / ydxdy 
='->rl''[{<f>ix)Y-{^{x)}']dx. 

Jx, 



The second expression is obtained by effecting the integra- 
tion with respect to y between the assigned limits, and it 
coincides with that already obtained in Art. 185. 

195. Thus in the preceding article we divide the solid 
into elementary rings, of which 27ryAxAy is the tjrpe; in 
the first integration we collect a number of these rings, so as 
to form a figure, which is the difference of two concentric 
circular slices ; in the second integration we collect all these 
figures and thus obtain the volume of the required solid. 

196. Suppose the figure which revolves round the axis of 
x to be bounded by the curves x^<l>{y) and a? = '^(y), and 
by the straight lines v=y^ and y—y^l then in applying the 
formula for V it will be convenient to integrate &:st with 
respect to x; thus 



F=27rl I yayax. 



In this case in the integration with respect to x we collect 
all the elements like ^iryAyAx which have the same radius 
y, so that the sum of the elements is a thin, cylindrical shell, 
of which Ay is the thickness, y is the radius, and ^(y) — '^ (y) 
the height. Thus 



F=27r \{<l> (y) -it(y)}ydy. 
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197. As. an example of the preceding formulaB, let it be 
reauired to find the volume of the solid generated by the re- 
volution of the area ALB round the axis of a; in the figure 
already given in Art 141. This volume is the excess of the 
hemisphere generated by the revolution of 8LB over the para- 
boloid generated by the revolution of A8L; the result is 
therefore known, and we propose the example, not for the 
sake of the result, but for illustration of the formulae of double 
integration. 

Let 8 be the origin. Suppose the positive direction of the 
axis of a? to the left, then the equation to AL is y' = 4a (a — x) 
and that to BL is y* = 4a'— a?. Let Fbe the required volume, 
then 

27n/dtfdx. 

4a 

If we wish to integrate with respect to y first, we must, as 
in Art. 141, suppose the figure ALB divided into two parts; 
thus 

F=/ I 27n/dxdt/+j 27rydxdy. 

Again, let it be required to find the volume generated by 
the revolution of LBG about the axis of x. Let the positive 
direction of the axis of x be now to the right, then the equa- 
tion to i (7 is y*=4a(a + a5) and that to LB is ^=^4ta^—a?. 
Let V be the required volume, then 

/•2a/V(4a»+4ajr) 

F= / / 2irydxdy. 

Jo J^iicfl^.^ 

K we wish to Integrate with respect to x first, we must, as 
in Art. 141, suppose the figure LBC divided into two parts; 
thus 

4a 

198. Similarly, if a solid is formed by the revolution of 
a curve round the axis of y, we have 



V=lJ27rxdydx. 
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199. We now proceed to consider any solid. 




rr^ 



Let Xy f/, z he the co-ordinates of any point ^ of a 
surface, x + Ax, y + Ay, z + Az the co-ordinates of an adja- 
cent point J. Through » draw planes parallel to the co-ordi- 
nate planes of {x, z) and (y, z) ; through o^also draw planes 
parallel to the same co-ordinate planes. These four planes 
will include between them a column, of which PQ is the base 
and Pp the height. The volume of this column will be ulti- 
mately zAxAy, and the volume between an assigned portion 
of the given surface and the plane of (aj, y) will be found by 
taking the limit of the sum of a series of terms like zAxAy, 
Let K denote this volume, then 



''= jjzdxdy. 



The equation to the surfece gives 2; as a function of x and 
y; the limits of the integration must be taken so as to include 
aU the elements of the proposed solid. 
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If we integrate first with respect to y, we sum up the 
columns which form a slice comprised between two planes per- 
pendicular to the axis of x; thus the limits of integration with 
respect to y maj be functions of x^ and we shall obtain 

jzdy =/(i»), 

where /(oj) is in faclTthe area of the section of the solid consi- 
dered made by a plane perpendicular to the axis of a? at a 
distance x from the origin. Then finally 

V^lf{x)dx; 

this coincides with the formula already given in Art. 188. 

200. Application to the Ellipsoid. 

Let it be required to find the volume of the eighth part of 
the eUipsoid determined by the equation 



■I2 + T2- 



^"^&^^"*"c»""^- 



Here we have to find 



//V( 



l-^-^dxdy. 



First integrate with respect to y, then the limits of y are 

and LI, that is, and & a/( 1 — ijl ^^ thus obtain the sum 

of all the columns vrhich form the slice between the planes 
Lpl and Mgm. Now between the assigned limita 

thua r^jjhc(l'-^dx. 

The limits of x are and a; we thus obtain the sum of 
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all the slices which are comprised in the solid OABO^ Hence 

6 * 

201. Suppose the given surface to he determined hy 
xy^azy and we require the volume hounded hy the plane 
of {Xy y), hy the given surface, and hv ihe four planes a? = ajj , 
i» = ^«> y = yi> y === yr ^iere the volume is given hy 

= 4^ (^« - «i) (y. -yi) Kyi + ««ya + ^iy« + a,yj 
= 4K~«^i) (y«-yi) («i+«,+«,+«j, 

where «j, «,, «., 0^ are the ordinates of the four comer points 
of the selected portion. 

202. Find the volume comprised hetween the plane 2 = 
and the surfaces ay = flMf and (a? — A)* + (yr-A;)**=cr. 

Here we have to integrate lj—dxdi/ hetween limits de- 
termined hy {x — hy + (y — A)* = c\ 

Now ly <?y = S-, and the limits of y are 

*-V{c^-(»-An and Z; + V{c*-(«-A)*}. 

^hus we oh'tain 

2ki^{(?^{x--hy}. 

Thus finally the required volume . . - 

"wher^ the limits of x are A — c and i+ c 
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And 

+hj^{(?-{x'^hy]dx. 

Put x — h^t; thus we obtain 

The Kmits of < are — c and +c; therefore the result is 
— — ; and the required volume is — — • 

This result however assumes that xy is positive throughout 
the limits of the integration ; that is, the circle determined by 
(oj — A)' + (y — A)* = c is supposed to lie entirely in the first 
quadrant or entirely in the third quadrant. If this condition 
be not AilfiUed our result does not give the arithmetical value 
of the volume, but the balance arising from estimating some 
part of the volume as positive and some ^art as negative ; for 
example, if h and k vanish our result vanishes. 

Similarly in the result of the preceding article, it is assum- 
ed that ocy is positive throughout the limits of the integration. 

203. Instead of dividing a solid into columns standing 
on rectangular bases, so that zAx^y is the volume of the 
column, we may divide it into columns standing upon the 
polar element of area; hence zrAOAr is the volume of the 
column. Therefore for the volume Fof a solid we have the 
formula 



■//' 



zrdOdr. 



From the equation to the surface "is must be expressed. as ^ 
function of r and tf. - _ 

For example, required the volume comprised between the 
plane « = 0, and the surfaces aj* + ^ = 4a« and y* = 2ca;— xA 

Here «= r-; and the limits of r and must be .such as te 

11—2 
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extend the integration over the whole area of the drcle 
y' = 2cx — a?". Let r^ = 2c cos ; then the required volume 

d0dr 






a Jo 

_ Sttc* 

204. Bequired the volume of the solid comprised between 
the plane of (a;, y) and the surface whose equation is 

Here, since a?+^^f^y 

V^ajji^rdOdr. 

The sur£Eice extends to an infinite distance from the origin, 
every direction; thu 
those of r are and oo . 



in every direction; thus the limits of are and 27r, and. 
of r 



f -- e'^ 

Now je ^ rdr = — —f ; 

And J*'(^;=2ir, 

Hence tiie ]:eo[Tuied Tolame is iroc*. 
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FormulcB involving Triple Integration* 

205. In the figure to Art. 199, suppose we draw a series 
of planes perpendicular to the axis of z; let « be the distance 



of one ^ane from the origin and z + Az the distance of the 
next* These planes intercept from the column pqT I 
elementary rectangular parallelopiped, the volume of which is 



AxAyAz. The whole solid may be considered as the limit 
of the sum of such elements. Hence if F denote its volume, 



= llldxdydz. 



206. Required the volume of a portion of the cylinder 
determined by the equation 

aj^ + y'-2aaj = 0, 

which is intercepted between the planes 

z^^xtsma and z = xtB.nfi. 

Here if y^ stand for V(2aaj — a?^, we have 



dxdydz 

jBtana 



Jo J -y^ J a 

= 1 I {taxiff — ism a) xdxdy 

= 2 (tan i8 — tana) I x^/{2ax-'a?)dx 
Jo 



= 2 (tan)8 — tana)-r-. 



207. The polar element of plane area is, as we have seen 
m previous articles, rAOAr. Suppose this were to revolve 
round the initial line through an angle 27r, then a solid ring 
would be generated, of whi<^ the volume is 2wr sin rAOAr^ 
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since 27rr sin is the clrcumfereiice of the circle described by 
the point whose polar co-ordinates are r and 0. Let <f> denote 
the angle which the plane of the element in anj position 
makes with the initial position of the plane, <j> + A<f> the an^le 
which the plane in a consecutive position makes with me 
initial plane ; then the part of the solid ring which is inter-* 
oepted between the reyolying plane in these two positions is 
to the whole ring in the same proportion as A^ is to 2ir. 
Hence the Yolome of this intercepted part is 

r^sindA^A^Ar. 

This is therefore an expression in polar co-ordinates for aii 
element of any solid. Hence the volume of the whole solid 
may be found by taking the limit of the sum of such ele* 
ments; that is, if F denote the required volume, 



V=jjjf^Bia0d<t>d0dr. 



The limits of the integration must be so taken as to in- 
clude in the integration all the elements of the proposed solid. 
The student will remember that r denotes the distance of any 
point from the ori^, the angle which this distance makes 
with some fixed Ime through the origin, and ^ the angle 
which the plane passing through this £stance and the fixed 
line makes with some fixed plane passing through the fixed 
line. 



f 



208. Suppose, for example, that we apply the formula to 
find the volume of the eighth part of a sphere. Integrate 
with respect to r first ; we nave 

Sunpose a the radius of the sphere, then the limits of r are 
and a; thus 

V^jj^Bixi0d^d0. 

In thus integrating with respect to r, we collect all the 
elements like r^sin^A^A^Ar which compose a pyramidal 
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solid, having its vertex at the centre of the sphere, and for its 
base the curvilinear element of spherical surface, which is 
denoted bj a'sin^A^Ad. 

Integrate next with respect to ^; we have 
the limits of ^ are and — ; thus 

In thus integrating with respect to d, we collect all the 
pyramids similar to —sindA^Ad which form a wedge- 
shaped slice of the solid contained between the two planes 
through the fixed line corresponding to ^ and ^ + A^. 

Lastly, integrate with respect to <j> from to - ; thus 

In this example the integrations may be performed in any 
order, and the student shcnold examine and illustrate them. 

209. A right cone has its vertex on the surface of a 
sphere, and its axis coincident with the diameter of the 
sphere passing through that point; find the volume com- 
mon to the cone and the sphere. 

Let a be the radius of the sphere; a the semi-vertical 
angle of the cone, V the required volume, then the polar 
equation to the sphere with the vertex of the cone as origin 
is r = 2a cos 0. Therefore 

7^sm0d4>d0dr. 



TIT 



210. The curve r=sa(l + cos^) revolves round the ini- 
tial line, find the volume of the solid generated. 
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Here the lequired volume 



'w f2ir /*a (1+0080) 




Jo Jo Jo 
^^j'{l + co&0)'Bm0d0. 



It will be found that this = — -r— . 



EXAMPLES. 



1. If the curve v" (aj — 4a) = oa; (aj-- 3a) revolve round the 

axis of a?, the volume generated from 0?= to aj = 3a 

is !!^' (15 -16 log 2). 
2 

2. A cycloid revolves round the tangent at the vertex; 

shew, that the volume generated by the curve is 7i^a\ 

3. A cycloid revolves round its base; shew that the 

volume generated by the curve is 5ij^a\ 

4. The curve y"(2a-^aj)=a3" revolves round its asymp- 

tote; shew that the volume generated is 27r^a*. 

5. The curve a^ = 4a"(2a— a?) revolves round its asymp- 

tote ; shew that the volume generated is 47r*a'. 

6. Find the volume of the closed portion of the solid 

generated by the revolution of the curve (y*— y)'=a'a; 
round the axis of y. 

P ,, 256 irV" 
315 a* 

7. Express the volume of a frustum of a sphere in terms of 

its height and the radii of its ends.. 

IteauU. ^{A» + 3(r,».+ r.»)}. 
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8. If the curve y* = 27nx + no? revolve about the axis of a?, 

find the volume of any frustum; and shew that it 
jnaj be expressed either by 

where h is the altitude of the frustum and J, c, r are 
the radii of its two ends and middle section. Deduce 
expressions for the volume of a cone and spheroid. 

9. Find by integration the volume included between a 

right cone whose vertical angle is 60^ and a sphere 

of given radius touching it along a circle. 

tit' 
Result. -T-. 

10. If a paraboloid have its vertex in the base, and axis in 

the surface of a cylinder, the cylinder will be divided 
into parts which are as 3 : 5 by the surface of the 
paraboloid ; the altitude and diameter of the base of 
the cylinder and the latus rectum of the paraboloid 
being all equal. . 

11. A paraboloid of revolution and a right cone have the 

same base, axis, and vertex, and a sphere is described 
upon this axis as diameter ; shew that the volume in- 
tercepted between the paraboloid and cone bears the 
same ratio to the volume of the sphere that the lattis 
rectum of the parabola bears to the diameter of the 
sphere. 

12. Find the whole volume of the solid bounded by the 

surface of which the equation is 



or V* «• 



Result. 



Sirabc 



13. Find the whole volume of the solid bounded by the 
surface of which the equation is 

(a? + y^ + zy= 27 a^xyz. 



9 
ResuU. -a\ 
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14. Find the volume of the solid formed by the revolutioii 

of the curve (a^ + y*)* — aV-f-iV about the axis of a?, 
supposing a greater than ft. Shew what the result 
becomes when a = ft. 

BemU, -(2a' + 3ft')« + g^^^_y^ log ^^ i. 

15. Determine the volume of the solid generated by the re- 

volution of the curve {a?+j^y^cl^a? + Vy^ about the 
axis of y, supposing a greater than ft. Shew what 
the result becomes when a aft. 

16. Find the volume of the solid formed by the revolution 

of the curve (y'+«*)*=a* (a:^ — y*) round the axis of a?. 



•^*^^*- ?'{^^<*s(*+^2)-4}- 



17. A paraboloid of revolution has its axis coincident with 

a diameter of a sphere, and its vertex outside the 
sphere; find the volume of the portion of the sphere 
outside the paraboloid. 

18 

BesuU. -^-, where A is the distance of the two 

D 

planes in which the curves of intersection of the sur- 
cEices are situated. 

18. Find the volume cut off from the surface 

by a plane parallel to that of (y, z) at a distance a 
from it. Result. 7ra"V(^)- 

19. A quadrant of an ellipse revolves round a tangent at 

the end of the minor axis of the ellipse ; shew that 
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the voltune included by the surface formed by the 
curve is 

~^(10-37r), 

20. Find the volume enclosed by the surfaces defined by 

the equations 

illustrating by figures^the progress of the summation. 

T> y. 37ra* 
BemU. -T^r- . 
32c 

21. If ;8^ be a closed surface, d8 an element of 8 about a 

point P at a distance r from a fixed point 0^ and 
ij> the an^Ie which the normal at P drawn inwards 
makes with the radius vector OP^ shew that the 
volume contained by the surface 



^^ir cos <j>dSf 



the summation being extended over the whole sur* 
fftce. 

Taking the centre of an ellipsoid as the point 0, 
apply this formula to find its volume, interpretmg geo- 
metrically the steps of the integration. 

22. Find the value of jjjafdxdydz over the volume of an 

ellipsoid. EesuU. ~^. 

15 

23. Determine the limits of integration in order to obtain 

the volume contained between the plane- of {xy y) and 
the sur£eice whose equation is 

24. State the limits of the integration to be used in apply- 

ing the formula \\\dxdy dz to find the volume of a 
closed surface of the second order whose equation is 
asf + by^ + ca* + a!yz + Vxz + dxy = 1 . 
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25. State between wliat limits the integrationd in 

Idxdtfds 



# 



must be performed, in order to obtain the volmne 
contained between the conical surface whose equa^ 
tion is 

and the planes whose equations are a; = 2? and x = 0; 
and find the volume by this or hj any other method. 

Result. -^, 

26. State between what limits the integrations must be 

taken in order to find the volume of the solid con- 
tained between the two surfaces cz^mo^-Vm^ and 

a = 005 + i5y ; and shew that the volume is -^ when 

o 

27. A cavity is just large enough to allow of the complete 

revolution of a circular disc of radius c, whose centre 
describes a circle of the same radius c, while the plane 
of the disc is constantly parallel to a fixed plane, and 
perpendicular to that of the circle in. which its ceAtre 
moves. Shew that the volume of the cavity is 

y(37r + 8). 

28. The axis of a right cone coincides with the generating 

line of a cylinder; the diameter of both cone and 
cylinder is equal to the common altitude; find the 
surface and volume of each part into which the cone is 
divided by the cylinder. 

ResuUa. 

SnTfex^es, ^"^^-^^^^ a' and ?ZLV5 + 3V15^.. 
o 6 
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,^ , 87r+27V3-64 , , 64-27 V3-27r 3 
Volumes, ^ a' and ^ a' ; 

where a is the radius of the base of the cone or 
cylinder. 

29. Find the volume of the cono-cuneus determined by 

which is contained between the planes a;=;0 and x = a. 

Result. — ^- . 

30. A conoid is generated by a straight line which passes 

through the axis of z and is perpendicular to it. Two 
sections are made by parallel planes, both planes 
being parallel to the axis of z. Shew that the 
Tolume of the conoid included between the planes is 
equal to the product of the distance of the planes into 
half the sum of the areas of the sections made by the 
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CHAPTER IX. m 

DIFFEEENTIATION OP AN INTEGRAL WITH RESPECT TO ANY 
QUANTITY WHICH IT MAY INVOLVE, 



211. It is sometimes necessary to differentiate an inte- 
gral with respect to some quantity which it involves; this 
question we snail now consider. 

Eequired the differential coefficient of I (f> (x) dx with 

'f ft 
respect to i, supposing ^ [x) not to contain h^ and a to be 
independent of o. 

Let u = | ^{x)dx\ 

suppose b changed into h + AJ, in consequence of which 
u Decomes t* + Aw ; thus 

w + Aw = I (a?) db ; 

/•ft+A6 n 

therefore Aw = | ^(a?)<fo?— I il>{x)dx 

= / <f>{x) dx. 
J ^ 

iNow, by Art. 40, 

j if>{x)dx^£ih<l>{h + 0Ab)y 
where 6 is some proper fraction ; thus 
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Let AS and Au diminish without limit ; thus 



212. Similarly, if we differentiate u with resnect to a, 
supposing 6 {x) not to contain a, and b to be independent 
of a, we obtain 



^— <A(«). 

213. Suppose ^-(a?) to contain a quantity c, and let it 

be required to find the differential coefficient of | ^ {x) dx 

with respect to c, supposing a and b independent of c. 

Instead of ^ {x) it will be convenient to write ^ (x, c), 
so that the presence of the quantity c may be more clearly 
indicated; denote the integral by w, thus 

u=: j <l>(x,c) dx. 

Suppose c changed into c+ Ac, in consequence of which u 
becomes u-\-i^u\ thus 

tK + At^K/ ^(ic,c + Ac) efe; 

J a 

therefore At^ = I 4'^{XfO + Ac) db — I ^{x^c)dx 

la Ja 

«=j {^(a?,c + Ac)-^(a?,c)}efe; 

thus A«^p^(ar,c-hAc)^^(a^,o)^^ 

Ac Ja Ac — 

x .l?ow by the natw 6 pf a differential coefficient we have 

^(ag,c-f Ac)-^(j?, c) d^(x^c) ^ 

Ac " dc'^^' 
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where p is a qnantity which diminishes without limit when 
Ac does so. Thus we have 



^.Jl^^.fU. 



When Ac is diminished indefinitely, the second integral 
vanishes ; for it is not greater than (ft — a) p\ where p is 
the greatest value p can have, and p ultimately vanishes. 
Hence proceeding to the limit, we have 



dc Ja dc 



. 214. It should be noticed that the preceding article sup- 
poses that neither a nor h is infinite ; if, for example, b were 
mfinite, we could not assert that {h'-a)p' would necessarily 
vanish in the limit. 



215. We have shewn then in Art. 213 that 
dcja 



-/V(.,c)<&=£^^c& (1). 



We will point out a useful application of this equation. 
Suppose that -^(a?, c) is the function of which <l>{XiC) is 
the oifierential coefficient with respect to ar, and that x{^9 ^) 

dd} (x c^ 
is the function of which - V is the differential coefficient 

dc 

with respect to x; thus (1) may be written 

^-'~^=XM-Xia,c) (2), 

let us suppose that h does not occur in ^{x, c), and that 
a is also independent of b ; then (2) may be written 

where C denotes terms which are independent of bf that 
is, are constant with' respect to b. Hence as b may bavQ 
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any valae we please in (3), we may replace h by a?, and 
write 

^M^it^^c it). 

This equation may be applied to find % (a?, c) ; as the 
constant may be introduced if required, we may dispense 
with writing it, and put (4) in the form 

For example, let ^ (aj, c) = ^^ ; then 



-/, 



2ca? J 



(iH-c^a?*) 



f dx 
Thus from knowing the value of l- — t-j we are able to 

deduce by differentiation the value of the more complex 

216. Bequired the differential coefficient of | ^ {x, c) dx 

with respect to c when both h and a are functions of c* 

Denote the integral by u ; then -7- consists of three terms, 

one arising from the fact that 6 (xy c) contains c, one from 
the fact that i contains c, and one from the fact that a 
contains c. 

T. I. a 12 
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Hence hj the preceding axtides, 

du_ f^ d<f>{x,c) J du db du da 
dc^Ja dc db do da dc 

[^d<f>{x,c)j , .,, .db .f .da 

217. With the suppositions of the preceding article we 

d^u 
may proceed to find-j^ . By differentiating with respect to c 

, (^dd) (x.c) , , . 

the term I ^ \^ dx we obtam 

r^ d'<f> {x,c) , d<f> (b.c) db d«\> {a,c) da 
Ja d<? do dc dc dc' 

From the other terms in -7- we obtain by differentiation 

.r-L ^^d^b ^ d4>{hc) (db\\ d<f>{b,c) db 

- , . d'a d(b (a, c) fda\^ d<l> (a, c) da 

-*(«,c)-^ — dr~\di) — ^~&- 

-^l«,c;^. d^T'Kdi) '^^~W~ dc' 

Similarly -^ may be found and higher differential co- 
efficients of u if required. 
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218. The following geometrical illustration may be given 
of Art. 216. 




Let y = ^ (aj, c) be the equation to the curve APQ, and 
y = ^ (aj, c + Ac) the equation to the curve A'F Q. 



Let 






Then u denotes the area PMNQ, and u + Hu denotes the 
area FJf'JiT' (2'. Hence 



and 



^u ^FpqQf+ QNN'q - PJfJf >, 

Au^ Fpq(^ QNN'q PMM'p 
Ac Ac Ac Ac 



It may easily be seen that the limit of the first term is the 
limit ^fr»(^>o + y-»(^>o)rfi^ that the limit of the 

Ja Ac 

second term is the limit of^(i,c)-^, and that the limit 

of the third term is the limit of (a, c) ^ . This gives the 

result of Art. 216. 

12—2 



180 DIFFEBENTIATION OF AN INTSGSAL 

219. Example. Find a carve sach that the area between 
the curve, the axis of x, and any ordinate, shall bear a con- 
stant ratio to the rectangle contained by that ordinate and the 
corresponding abscissa. 

Suppose ^ {x) the ordinate of the curve to the abscissa x ; 

then I ^{x)dx expresses the area between the curve, the 

axis of X, and the ordinate ^ (c) : hence by supposition we 
must have 



/: 



<l>{x)dx = ^^ 

« 



where n is some constant. This is to hold for all values of c ; 
hence we may differentiate with respect to c; thus 






n n 

therefore c^' (c) = (w — 1) ^ (c), 

By integration log ^ (c) = (n - 1) log c + constant ; 
thus ^ (c) = -4c""^, 

and ^ (a?) = -4a?*""S 

which determines the required curve, 

220. Find the form of ^ (x), so that for all values of c 

s 

X [if) {x)Ydx 



r 



r 

•' a 



C 



'0 

By the supposition 

jy{^{x)}*dx:=lj\<l>{x)Ydx. 
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Differentiate with respect to c ; thus 

c{<l>ic)r='lj\<l>{x)Ydx + '-{f{c)Yi 

Differentiate again with respect to c ; 

thus [l-^^[<f>{c)Y + ^{l-^<l>{c)<l>\c)J^; 

hence (^ "" |) * (^) + 2c f 1 - i) f (c) = ; 

therefore ^-7~ = tt^ 77 - . 

^(c) 2(n-l) c 

Integrate; thus 

2 -^n 
log^ (c) = g . _ j^x logc + constant; 

a-n 
therefore ^(c) =^c2<«-«, 

where A is some constant ; thus we have finally 

2~n 



This is the solution of a problem in Analytical Statics, 
which may be enunciated thus. The distance of the centre 
of gravity of a segment of a solid of revolution from the 

vertex is always -th part of the height of the segment ; find 

the generating curve. The required equation is y = ^ (x). 

221. Find the form of ^ (a?) so that the integral J ^.^^j^. 

may be independent of e. 

Denote the integral by w, and suppose x^cz; thus 



f^ <j^ (x) dx _ r Wc^{cz)dz 

r^/{c-^x)^j. v(i-«) • 
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Since i« is to be independent of c, the differential coefficient 
of u with respect to c must vanish. Now 






— ~ -efo 



V(i-«) 



2c V(c — x) 

This last integral then must vanish whatever c may be ; 
hence we must have 

therefore £M = _J.. 

if>{x) 2x' 

therefore log ^ (a?) = — J log a? + constant, 

therefore 4>(x)=-r-. 

This is the solution of a problem in Dynamics, which may 
be thus enunciated. Find a ctuire, such that the time of 
falling down an arc of the curve from any point to the lowest 
point may be the same. If s denote the arc of the curve 
measured from the lowest point, x the horizontal abscissa of 
the extremity of s, then we have 

^=<f>{x) and 8 = 2A*Jx; 
so that the curve is a cycloid (Art. 72). 

MISCELLANEOUS EXAMPLES. 

1. If the straight line 8P^P^^ meet three successive revo- 
lutions of an equiangular spiral, whose equation is 
r = a^, in the pomts P-, P„ Pg, find the area included 
between PJP^y P^Pg, and the two curve lines P^P^, PJ\. 
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2. Find the area of the curve y* — aa?y* + a?* = 0. 

Besult. . 

lb 

3. Find the area of the curve a^ + i^ = a^ (^)*'S where n 

is a positive integer. 

Result. If n is an even integer -r— : if n is an odd 

. . o V 

integer — . 

4. A string the length of which is equal to the perimeter 

of an oval is wound completely round the oval, and 
an involute is formed hj unwinding the string, begin- 
ning at any point ; shew that when the length of the 
involute is a maximum or a minimum the length of 
the string is equal to the perimeter of the circle of 
curvature at the point from which the unwinding 
begins. 

5. Find the portion of the cylinder aj' + y — raj = Inter- 

cepted between the planes 

ax + by-\'Cz = and o'a? + Jy + ca = 0. 

BesuU. eM^, 
8c 

6. Find the volume of the solid bounded by the para- 

boloid y*+a'=4a(aj+o) and the sphere a^-^-y^+z^^tf, 
supposing c greater than a. 



Besult. 2ira 



("-!)• 
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CHAPTER X. 



ELLIPTIC INTEaBALS. 



222. The integrals j^i^J^^tg^ , /V(l - c" sin* 0) d0, 

and 1 7^-- r-^-gr — jji , . , ^> , 816 Called eUtptlc fimo- 

J (1 + a sin* 0) V(l - c" sm* 0)^ r j 

tiona or elliptic integrals of the first, second, and third order 

respectively; the first is denoted by F{c^ 0)j the second by 

E{c, 0)y and the third by IT (c, o, 0). The integrals are all 

supposed to be taken between the limits and d, so that they 

vanish with 0; is called the amplitude of the function. 

The constant c is supposed less than unity ; it is called the 

modulus of the function. The constant a, which occurs in the 

function of the third order, is called the parameter. When 

the integrals are taken between the limits and -^^ they 

are called complete functions; that is, the amplitude of a 

complete function is -. 

223. The second elliptic integral expresses the length of 
a portion of the arc of an ellipse measured from the end of 
the minor axis, the exceritricity of the ellipse being the 
modulus of the function. From this circumstance, and from 
the fact that the three integrals are connected by remark- 
able properties, the name elliptic integrals has been de- 
rived. 
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224. The subject of elliptic integrals is very extensive ; 
we shall merely give a few of the simpler results, and refer 
the student for fuller investigiations to Hymers's Integral 
Calculus, or to the writings of Legendre, Jacobi and Abel. 

225. If and ^ are connected by the equation 

where /t is a constant ; then will 

cos ^ cos ^ — sin ^ sin ^ »/{l - c'sin'/t) = cos/t. 

Consider and ^ as functions of a new variable t, and 
differentiate the given equation ; thus 

?__^ + __J__#_0 (1) 

V(l-c'sin'^) dt^>/{l-d'sw?<f>) dt ^ '' 

Now as ^ is a new arbitrary variable, we are at liberty to 
assiune 

f = V(l-c*sin»^, 
thus from the equation (1) 

§ = -V(l-c'sin'^). 
Square these two equations and differentiate ; thus 
— = — c^ gin ^ cos ^, -^ = — c* sin ^ cos ^ ; 

therefore ^Il|±i)««^(8in2«±sin2^). 
Let ^4-^ = -^ and tf-^ = x; thus 

-^ = -c"sin'^cosx, -^=-c'sinxcos^. 

Al ^^^X (d0\^ /"^V J . . . 
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therefore 
therefore 



de . dt ^ , 

dt dt dt dt 



therefore log -^ = log sin ;^ + constant, 



therefore -^ = u4 sin ;^ 

and similarly, -^ = -B sin -^ 

where A and B are constants. 



(2), 



Hence u4 sin ^ ;^ = -B sin -^ -^ , 

therefore -4cosx = -Bcos'^ + (7 (3). 

Now from the original given equation we see that if ^ = 

therefore then = fi and ;^ = -^ =/t ; 

thus from (3) (u4 - 5) cos/t = (7; 

thus ulcos(d-^)=5cos(^ + ^) + (^--B)co8/L6; 

therefore 

(.4-5) 008^008^+ (ui+5) sinesin^= (ui-J5) cos /t... (4). 

In (2) put for -^ its value 

V(l - c« sin« 0) - V(l - c» sin« ^), 
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and for ^ its value 

V(l - ^ sin««) + V(l - (? sin«<^), 
and then suppose ^ = ; thus 

V(l — c* sin"/t) — 1 = -4 sin /L6, 
and V(l — <f sin"/L6) + 1 = J5 sin /l6. 

Substitute for ^4 -5 and ^4 + J5 in (4) ; 
thus cos ^ cos ^ - sin sin ^ s/{l — c* sin'/L6) = cos/l6, 

226. The relation just found may be put in a different 
form. Clear the equation of radicals ; thus 

(cos ^ cos ^ - cos fif = (1 - c' sinV) sin'^ sin'^ ; 
therefore 
cos'^ + cos'^ + cos'/t — 2 cos ^ cos ^ cos /t 

= 1 — c" sin*/L6 sin'^ sin'^. 

Add cos*^ cos*/L6 to both sides and transpose ; thus 
(cos ^ — cos ^ cos flf 

= 1 — cos'^ — cos"^ + cos*^ cos'/L6 — c* sin*/L6 sin*^ sin*^ 

= sin*^ sin*/t (1 — c* sin*^) ; 

therefore cos tf = cos ^ cos /l6 + sin ^ sin fi V(l — c" sin*^). 

The positive sign of the radical is taken, because when 
^ = 0, we must have ^=s/t. 

227. We shall now shew how an elliptic function of the 
first order may be connected with another having a different 
modulus. 

Let F[c, 0) denote the fimction ; assume 

c + COS 2^ 
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^, ^ I d0 2(l + ccos26) 

therefore _^_ = _i__^, 

therefore ^^ 2(l + cco82^) 

d<l> 1 + 2c cos 2^ + c" 

And l-c»8m«« = l ^^^^'^f , 



therefore 



1 + 2c cos 2^ + c' cos'2<^ ^ 
** 1 + 2c cos 26 + c" ' 



^21 



f rfg ^ f 2(l + cco8 2<^) V(l + 2ccos2<^+c^) j. 

JV(l-c"sin"^) Jl + 2ccos2^ + c"' l + cco32^ ^ 

JV(l + 2ccos2<^ + c^ l + oj/U^~^' 

No constant is added, because ^ vanishes with d. Thus 

« 4c J X /I sin2^ 

* (1 + c)* c + cos 2(j> 

The last relation may be written thus, 

c sin ^ = sin (2^ — 0). 

We may notice that c^ is greater than c, for 

fiT *_ 

«* c(l + c)»' 
and since c is less than unity, 4 is greater than c (1 + c)*. 

K ^=«o. then d = w; thus 
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228. We will give one more proposition in this snbject, 
by establishing a relation among Elliptic Functions of the 



second order, analogous to that proved in Art. 225 for func- 
tions of the first order. 

If cos ^ cos ^ — sin ^ sin ^ V(l — c* sin^fi) = cos /t, 
then will 

E{c, 6) +E{c, ^) --^(c, /a) =c' sind sin^ sin/L6. 

By virtue of the given equation connecting the amplitudes, 
^ is a function of 0; thus we may assume 

^(c, 0) +E{c, 4) --E(c, fi) =/(^. 
Differentiate; thus 
/(^=V(l-c«sin»^ + V(l-c'sin»<^)^ 

_ cos ^ — COS (f) COS fl COS^ — COsff COS/Lfc d<f> 

sin ^ sin/L& sin ^ sin/L& d0 

(by Art. 226), 

_ d{Bw?0 + siv?<f> + 2 cos^ cos^ cos/x} 1 

d0 2sindsin^sin/L&' 

But sin*^ + sin*^ + 2 cos ^ cos <f> cos fi 

= 1 + co8"/L6 + c* sin* 5 sin'^ sin"^ ; 

., v.///i\ fi • dt (sin 5 sin 6) 

thus f {0) = (T sm/L6 — ^^ — -^ — -^ . 

Therefore, by integration 

f{0) = c" sin ^ sin ^ sin fi. 

No constant is added, because f{0) obviously vanishes 
with 0. 
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MISCELLANEOUS EXAMPLES. 

1. Find the whole volume of the solid bounded by the 

surface of which the equation is 

8 

Besult. —T- ; supposing the radical restricted to the posi- 
6 

tive sign. 

2. Find the whole volume of the solid bounded by the sur- 

face of which the equation is 



©*Hf)'- (!)*-'• 



Result. - ^^ - , 



3. Prove that the volume of that portion of the solid 
bounded by the surface whose equation is 

which lies on the positive side of the plane of ocy is 



21 



4. Find the value of I -j^ , where dS denotes the element 

of the surface of a sphere, and r the distance of this 
element from a fixed point without the sphere; the 
integration being extended over the whole surface of 
the sphere. 

Result —f -z-r \ f yia^ — 7 — ; — r;^ ] whcrc a is the 

radius of the sphere, and c the distance of the fixed 
point from the centre of the sphere. 

5. A cylinder is constructed on a single loop of the curve 

r=a cos nd having its generating lines perpendicular 
to the plane of this curve ; determine the area of the 
portion of the surface of the sphere aj' + y' + s*=a' 
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which the cylinder intercepts ; determine also the 
vplume of the cylinder which the sphere intercepts. 

Results. The area = — (^ "~ l) > 



the volume 






Find the volume of the solid generated by the revolution 
of the closed part of the curve 

aj'-3aa;y + y® = 

round the line a? + v = 0. -n i± ^Ti^a' 

■^^^'- 3V6- 

If the axes of two equal circular cylinders of radius a 
intersect at an angle )8, the volume common to both is 

—- -. — 27 ; and the surface of each intercepted by the 
3 sm)8 ^ "^ 

8a* 



other is 



sin^S* 



8. The centre of a variable circle moves along the arc of a 

fixed circle; its plane is normal to the fixed circle, 
and its radius equal to the distance of its centre from a 
fixed diameter ; find the volume generated ; and if the 
solid so formed revolve round the fixed diameter, shew 
that the volume swept through is to the volume of the 
solid as 5 to 2. 

9. The centre of a regular hexagon moves along a diameter 

of a given circle (radius = a), the plane of the hexagon 
being perpendicular to this diameter and its magni- 
tude varying in such a manner that one of its diago- 
nals always coincides with a chord of the circle ; shew 
that the volume of the solid generated is 2V3a'. 
Shew also that the surface of the solid is 

a"(27r + 3V3). 
10. Prove that 
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CHAPTER XL 



CHANGE OF THE YABIABLES IN A MULTIPLE INTEGRAL. 



229. We have seen in Art. 62 that the double integral 

I j ^{x, y)dxdi/ ia equal to 1 I ^ (a?, y) dy dx when the 

limits are constant, that is, a change in the order of integra- 
tion produces no change in the limits for the two integrations. 
But when the limits of the first integration are functions of 
the other variable, this statement no longer holds, as we have 
seen in several examples in the seventh and eighth chapters. 
We give here a few additional examples. 

230. Change the order of integration in 
<f>{x,y)dxd7/. 




The limits of the integration with respect to y here are 
y = and y=V(^''"^*)j that is, we maj consider the 
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integral extending from the axis of x to the boundary of a 
circle, having its centre at the origin, and radius equal to a. 
Then the integration with respect to x extends from the axis 
of y to the extreme point A of the quadrant. Thus if we 
consider « = ^ (a?, y) as the equation to a surface, the above 
double integral represents the volume of that solid which is 
contained between the surface, the plane of (a?, y), and a line 
moving perpendicularly to this plane round the boundary 
OAPBO. 

It is then obvious from the figure that if the integration 
with respect to a? is performed first, the limits will be a? = 
and aj = V(^*— y')> a^^ t^®^ ^^^ limits for y will be y = 
and y = a. Thus the transformed integral is 



^ (p^> y) dy dx. 

w fe • 



231. Change the order of integration in 



n 3a 0080 
<l>{r,0)rd0dr. 




Let 0-4 = 2a, and describe a semicircle on OA as dia- 
meter. Let FOX= 0, then 0P= 2a cos 0. Thus the double 
integral may be considered as the limit of a summation of 
values of ^ (r, 0) r A0 Ar over all the area of the semicircle. 
Hence when the order is changed we must integrate for from 

to cos"* r- , and for r from to 2a. 
2a' 



T, I. C. 



13 
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Thus the transformed integral is 

raafco«-i£ 

/ <l>{r,0)rdrd0. 

Jo J 

232. Change the order of integration in 




The integration for y is taken from y = — to y = 3a - a:. 



4a 

The equation ^ = 7- belongs to a parabola OLD^ and 

y = 3a — a; to a straight line BLC^ which passes through X, 
the extremity of the latus rectum of the parabola. 

Thus the integration may be considered as extending over 
the area 0LB80. Now let the order of integration be 
changed; we shall have to consider separately the spaces 
0L8 and BL8. For the space 0L8 we must integrate 
from ic = to x=2A/{ay)y and then from y = to y = a; 
and for the space BL8 we must integrate from a; = to 
aj = Sa — y, ana then from y = a to y=^3a. Thus the trans- 
formed integral is 

i>{^7y)dydx + l / (f) {x, y) dy dx. 
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233. Change the order of integration in 






1 r«(2-«) 



Here the integration with respect to y is taken from y = x 
to y = x{2—x). The equation y — x represents a straight 
line, and y = x{2 — x) represents a parabola. The reader 
will find on examining a figure, that the transformed inte- 
gral is 

fi rv 

<t> {^,y)dydx. 



/:/: 



234. Change the order of integration in 
<f){x,y)dxdy. 



/:/. 



J V(a2-«4) 

Here the integration with respect to y is taken from 
y=z^(a*^a^) to y = x + 2a. The equation y = js/{a^'-af) 
represents a circle, and y = x + 2a represents a straight line. 
The reader will find on examining a figure, that when the 
integration with respect to x is performed first, the integral 
must be separated into three portions; the transformed in- 
tegral is 

na riara 

<f>{^,y)dydx+ <f>ix,y)dydx 

J 2aJ y-2a 

235. Change the order of integration in 



IT 



^ {x, y) dx dy. 



Here the integration with* respect to y is taken firom y = 
to y= f . The equation y= , represents an hyper- 

"J" X "J" X 

bola ; let £DE be this hyperbola, and let OA = a. Then 
the integration may be considered as extending over the 

13—2 
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^ 



space OBDA. Let the order of the integration be changed; 
we shall then have to consider separately the spaces OaDG 
and CDB. For the space OADG we must integrate from 

x — to x^a^ and then from y = to y=y— — . For the 



space GDB we must integrate from a? = to a? 
b 



"" y ' 

and then from y = 7-7— to y = 1. Thus the transformed in- 
^ 6 + a ^ 

tegral is 

jf <t>{x,y)dydx+j ^ j ^ ^{x,y)dydx. 



b+a 



236. Change the order of integration in 
^{x,y)dxdy, 

Jo-'** 

where A = r-- — . The transfoteied integral is 
X + A6 ° 

I I <^(a?,y)c?ydb + / f '^ ^{x,y)dydx. 
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237. Change the order of integration in 

m^(ic, y, z)ctxdydz. 

V V d 

The integration here may be considered to be extended 
throughout a pyramid, the bounding planes of which are 
given by the equations 

= 0, «=y, y = aj, aj=a. 

The inte^al may be transformed in different ways, and 
thus we obtain 

mv 
<f>[x,y,z)dydxdz, 
« . 

or \ \ \ ^{x^ y, z) dydzdx^ 

J qJ ^J y 

ma 
<f>{x,y,z)dzdyd^, 

or ^ ^ ^ j>[x,y,z)dxdzdy, 

ra pa rx 

J j j ^{x,y, z)dzdxdy. 

These transformations may be verified by putting for 

(a?, y, z) some simple function, so that the integrals can 

actually obtained ; for example, if we replace ^ (oj, y, z) 

by unity, we find ~ as the value of any one of the six 

forms. 

238.. These examples will sufficiently illustrate the sub- 
ject; it is impossible to lay down any simple rules for the 
(Uscovery of tne limits of tne transformed integral. It is not 
absolutely necessary to draw figures as we have done, for the 
figures convey no information which could not be obtained by 
reflection on the different values which the variables must 
have, in order to make tibe integration extend over the range 
indicated by the given limits. But the figures materially 
assist in arriving speedily and correctly at the result. 



or 
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We now proceed to the problem which is the main object 
of the present chapter, namely, the change of the variables in 
a multiple integral. We begin with the case of a double 
integral. 

239. The problem to be solved is the following. Required 

to transform the double integral llvdxdy^ where F is a 

function of x and y, into another double integral in which the 
variables are u and v, the old and new variables being con- 
nected by the equations 

^i(^, y, u, v) =0, «^,(aj, y, w, r) =0 ......(1). 

We suppose that the original integral is to be taken be- 
tween known limits of y and a;; as we integrate with respect 
to y first, the limits of y may be functions of x. Of course 
while integrating with respect to y we regard x as constant. 

We first transform the integral with respect to y into an 
integral with respect to r. This is theoretically very simple ; 
from equations (1) eliminate u and obtain y as a function of 
X and Vj say 

y = t(a:,t;). (2), 

irom which we get 

dy = •^' (a?, v) dv^ 

where '^' (a?, v) means the differential coefficient of -^ (a?, v) 
with respect to v. 

Substitute then for y and dy in \V dy^ and we obtain 

I ^i¥ (^j ^) ^^> where V^ is. what V becomes when we put 

for y its value in F. Hence the original double integral 
becomes 



jjv,ir'{x,v)dxdv. 



Thus we have removed y and taken v instead. As the 
limiting values of y between which we had originally to 
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integrate are known, we shall from (2) know the limiting 
values of v, between which we ought to integrate. It will be 

observed, that in finding -^ from (2), we supposed x constant ; 

this we do because, as already remarked, when we integrate 
the proposed expression with respect to y we must consider x 
constant. 

The next step is to change the order of the above integra- 
tions with respect to x and r, that is, to perform the integra- 
tion with respect to x first This is a subject which we have 
already examined ; all we have to do is to determine the new 
limits properly. Thus supposing this point settled, we have 
changed tne original expression into 



jjv^f{x,v)dvdx. 



It remains to remove x from this expression and replace it 
by u. We proceed precisely as before. From equations (1) 
eliminate y, and obtain a? as a fimction of v and w, say 

aJ = xK^) (3)> 

from which we get 

dx = x {^9 ^) ^^f 

where %' (v, u) means the differential coefficient of % (v, u) 
with respect to w. 

Substitute then for x and dx, and the double integral be- 
comes 



// 



F'-^' (a?, v) X {'^9 w) dv duy 



where V* is what Fj becomes when we put for x its value in' 
Fj. Thus the double integral now contains only u and v, 
since for the x which occurs in 'Y (a?, v) we suppose its value 
substituted, namely, x(^>^)' Moreover since the limits 
between which the integration with respect to x was to be 
taken have been already settled, we know the limits between 
which the integration with respect to u must be taken. 
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We have thus given the complete theoretical solution of 
the problem ; it only remains to add a poetical method for 
determining •^' (a?, v) and x (^> ^) > ^ *tis we proceed. 

We observe that •^' (a?, i;) or ^ is to be foimd from equa- 
tions (1) by eliminating w, considering x constant; the fol- 
lowing is exactly equivalent ; from (1) 

^^ + ^^+^1 = 
dy dv du dv dv ' 

dy dv du dv dv ' 
Eliminate -j-; thus 

^^_^d^ #, <?y ^ #, 
dy dv dv _ dy dv dv 

du du 

d<f>^ d<f>^ ^ dff>^ d(f>^ 
dy _ dv du du ~do 
dv d<^j rf^, ^1 ^^8 ' 



therefore 



This then is an equivalent for -^'(a?, v), supposing that after 
the differentiations are performed we put for y and u their 
values in terms of a? and v from (1). 

doR 
Again, % (v, w) or ^ is to be found from equations (1) by 

eliminating y, regarding v as constant; the following is 
exactly equivalent ; from (1) 

dx du dy du du * 

^^^(^^^^^^^ 
dx du dy du du 
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From these equations by eliminating -^ we find 

dx ^ du dy dy du 
du d^^ d<l>^ d^j^ </0g ' 
dy dx dx dy 

This then is an equivalent for ;^' {v, u). 

d(f>^ d<f>^ ^ d^ d<f)^ 

mi I / / \ I / \ dv du du dv 

Thus t {x,v)x (".«) = ^^3^^^- 

dy dx dx dy 

Hence the conclusion is that 

d^^ d<f>^ dif>^ dif>^ 

//7.fa»-//r ||"g| ..i. W. 

dy dx dx dy 

where after the differentiations have been performed, we must 
put for x and y their values in terms of u and v to be found 
from (1) ; also the values of x and y must be substituted 
in r. 

An important particular case is that in which x and y are 
ffiven eccpticitly as " ' 
men take the form 



:iven expltdtlv as functions of u and t;; the equations (1) 
the form 

a?-/iKt^) = o, y-/.Kt^)=o (5). 

and the transformed integral becomes 

jj \du dv dv du) ' 

where we must substitute for x and y their values from 
(5) in V. 
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Thus we may write 

The formulae in (4) and (6) are those which are usually 
given ; they contain a simple solution of the proposed problem 
m those cases where the limits of the new integrations are 
obvious. But in some examples the difficulty of determining 
the limits of the new integrations would be very great, and 
to ensure a correct result it would be necessary instead of 
using these formulas, to carry on the process precisely in the 
manner indicated in the theory, by removing one of the old 
variables at a time. 

240. The following is an example. 

Required to transform / I Vdxdt/y having given 

J qJ 

y + a? = w, t/ = uv. 

From the given equations we have 

^, dx ^ dx dy dy 

thus ^ = l-«, ^ = -«, ^ = r, £ = u; 

therefore -^ -^ - 3- ^ = w (1 - v) + wt; = ti. 
du av av au 

Hence by equation (6) of Art. 239, we have 

I I Vdx dy=^ jjVudvdu; 

but we have not determined the limits of the integrations with 
respect to u and v, so that the result is of little value. We 
will now salve this example by following the steps indicated 
In the theory given above. 
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From the riven equations connecting the old and new 
variables we eliminate w; thus we have 

vx ^1 n ^y a? 
y = , therefore ^r = 7; ^ 5 

to the limits y = and y=.S, correspond respectively v = 

and V = J—, — ; thus 
b + x' 

h 

n^rdxdy=n^''''V,x{l--vrdxdv. 
We have now to change the order of integration in 

b 

fj''^''r,x{l^vrdxdv. 
This question has been solved in Art. 235 ; hence we obtain 

b 

r r Vdxdy^ n'^''r,x{l--vrdxdv 

=j''^'*rv,x{i''vydvdx+j ^ j'^^^r,x{i-^vydvdx. 

b+a 

We have now to change x for u where 

^ = ^(^""^^' di,^^^'''^ 
thus we obtain 

b a b 

j'^''j^'y'udvdu + j\ j^V'udvdu, 

a+b 

since to the limits and a for x correspond respectively and 
j-T— for M, and to the limits and ^ "" ^ for x correspond 

respectively and - for u. 
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If a = & the transformed integral becomes 

1 _a_ a 

j j V'u dvdu + j j V'u dv du. 

If a is made infinite, these two terms combine into the 
single expression 

nV'udvdu. 

241. Second Example. Keqnired to transform 

re rt-^x 

Vdxdy, 

having given y + a? = w, y = wv. 

Perform the whole operation as before ; so that we put 

vx J Jy X 
^ 1 — t? dv (1 — t?) 

When y = we have i; = 0, and when y^c— x we have 

I, - In? . Thus the integral is transformed into 
c 

rf ' V^x^l'-vY'dxdv. 

Now change the order of integration ; thus we obtain 

ri re^-v) 

r^x(l-v)'^dvdx. 

J qJ 

dx 
Now put aj = w(l — v) and ^ = 1 — v; the limits of u 

will be and c. Hence we have finally for the transformed 
integral 



f/V. 



dvdu. 
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242. Third Example. Transform 1 1 Vdx dy to a double 

integral with the variahles r and ^, supposing 

x^r COS0J y =r sin 0. 

We may put for v and r for t^ in the general formulae ; 
thus 

dx dy dxdy « ^ . . , ^ 

du dv dv du 

and the transformed integral is 

jjrrd0dr. 

This is a transformation with which the student is probably 
already familiar ; the limits must of course be so taken that 
every element which enters into the original integral shall 
also occur in the transformed integral. 

A particular case of this example may be noticed. Sup- 
pose the integral to be 

ll(f>{ax + hy)dxdy; 

by the present transformation this becomes 

jU[hrcos{0'-a)]rd0dr, 

where Z; cos a = a and i sin a = b. Now put O — a — ff, so 
that the integral becomes 



jU{kr cos ff)rd0'dr; 



then suppose r cos 5' = 35' andrsin^' = y and the integral 
may be again changed to 



jU{]cx')dx'dy'. 
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Thus suppressing the accents we may write 

il(f>{ax+ hy) dxdy= \\j> {Jcx) dx dy^ 

where A; = V(«* + i*)- The limits will generally be different 
in the two integrals; those on the right-hand side must be 
determined by special examination, corresponding to given 
limits on the left-hand side. 

243. Fourth Example. Transform I 1 Vdxdy^ having 

given 

x=^au+hv, y^hu + av, a> b. 

Eliminate w, thus ay — bx = {cf — V) i?, and the first trans- 
formation gives 

X 



7;f;^r.^*, 



where F. is what V becomes when we put — I v for 

* ^ a a 

y. Next change the order of integration ; this gives 

« Jo Jia+b)v ' « J.J^J.^I^i, ' 

We have now to change from a? to w by means of the 

dx 
equation x = au + bv, which gives -7- = a ; the limits of u 

corresponding to the' known limits of 2; are easily ascer- 
tained. 

Thus we have finally for the transformed integral 

e c— 6p e—bv 

(a'-J')]"*^*!^^ V'dvdu + {a'-b')f ^ flrdvdu. 

The correctness of the transformation may be verified by 
supposing F to be some simple function of x and y ; for 
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example, if V be unity, the value of the original or of the 

/»* 
transformed integral is — . 

244. Fifth Example. The area of a surfece is given hj 
the integral 

required to transform it into an integral with respect to and 
^, naving given 

« = rcos^, iB = r sin^cos^, y=rsin^sin^. 

From the known equation to the surface z is given in 
terms of a? and y; hence by substituting we have an equation 
which gives r in terms of and 0. 

We will first find the transformation for dxdt/ : 
Tg = Tg sin ^ COS ^ + r cos cos ^, 

-Y7 = -77 sin ^ COS <fc — r sin ^ sin A, 
dip d<p ^ ^ 

-^ = -^ sin^ sin <^ + r cos ^ sin <^, 

^ = T^ sin ^ sin ^ + r sin cos j>. 
TT dx dv dx dv • /% f ^ dr , A 

thus dxdy will be replaced by 

r sin 0(rcoa0 + 'j^ sin ^ j d<l> d0. 
We have next to transform 
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dz dz dx dz dy^ 
We have Te^l^dd^dydO' 

dz dz dx dz^dy^ 
d^'^ dx d(f> dy d<l>' 

dz dr /, '^ /) 

— = — COS 0. 
d<l> d(f> 

Thus $- is a fraction of which the numerator is 
ax 

dz dy dz dy 

ddd^ d<l>dd' 

that is, f^cos^-r sin^) (^ sin^ sin<^ + r sin^ co8<^) 

-^cos e (^sm0amif>+r cos^ sin<^j , 

that is, 

-rsin«^^ + rsin^cos^cos«^ J-r'sin^^cosi^, 

and the denominator is 

dx dy dx dy 
ddd^^d^dd' 

the value of which was found before ; thus 

r sin^ cos^ cos<^ ^-r sin^^-r'sin'^ cos^ 

^~ rsin^frcose+sin^J) 

Similarly 

, r cos A^T + ^ sin cos 5 sin «^ -^ -r' sin'^ sin^ 
dz ^ d4> ' aa 

^ r sin ^ (r cos ^ + sin ^ ^ j 
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therefore 

and finally the transformed integral is 

245. There will be no difficulty now in the transformation 
of a triple integral. Suppose that F is a function of a?, y, z, 

and that 1 1 Vdx dy dz is to be transformed into a triple 

integral with respect to three new variables u, v, w, which are 
connected with x, y, z by three eq^uations. From the investi- 
gation of Art. 239, we may anticipate that the result will 
take its simplest form when the old. variables are given ex- 
plicitly in terms of the new. Suppose then 

»=/i(««j«^»^)» y=/2Kv>«^)> «=/8(w, V, w?) (1). 

We first transform the integral with respect to z into an 
integral with respect to w. During the integration for z we 
regard x and y as constants; theoretically then we should 
from (1) express « as a function of x, y, and to, by eliminating 
u and V ; we should then find the differential coefficient of z 
with respect to w regarding x and y as constants. But we 
may obtain the required result by differentiating equations (1) 
as they stand, 

thus ^i^ + ^t^ + ^=0 

du dw dv dw dw ' 

dtu dw dv dw dw ' 

du ^ dv dw dw dw ' 
T. I. C. 14 
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Eliminate t' ai^d -y- ; thus we find 
aw aw 

dz ^ N 

du dv du dv 



where 



dw \du dv du dv) dw \du dv du dv) 



dw \du dv du dv)' 
Hence the integral is transformed into 



/// 



du dv du dv 



where V^ indicates what V becomes when for z its value in 
terms of a?, y and w is substituted. We must also determine 
the limits of w from the known limits of z. Next we may 
change the order of integration for y and w^ and then pro- 
ceed as before to remove y and introduce v. Then again we 
should change the order of integration for w and x and then 
for V and a?, and finally remove x and introduce w. And in ex- 
amples it might be advisable to go through the process step by 
step, in order to obtain the limits of the transformed integral. 
We may however more simply ascertain the final formula 
thus. Transform the integral With respect to z into an inte- 
gral with respect to w as above ; then twice change the order 
of integration^ so that we have 



/// 



du dv du dv 



Now we have to transform the double integral with respect 
to X and y into a double integral with respect to u and v by 
means of the first two of equations {!)> Hence we know 
by Art. 239 that the symbol dxdy will be replaced by 



\du dv du dv) ' 
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and the integral is finally transformed into 
\v'Ndwdvdu, 



///' 



where V is what F becomes when for x, y, and z, their values 
in terms of m, v, and w are substituted. 

The student will now have no difficulty in investigating 
the more complex case, in which the old and new variables 
are connected by equations of the form 

^.(«, y, «, w, t;, w) =0 V (2). 

^(a?,y, «, u, V, ir)=oJ 

Here it will be found that 

^^^ ^^^ ^^^. 
dw D,' dv jD/ du bJ 

also that , N^ = i),, and N^=-D^. 

Thus ///^^ ^y ^^ =///^' § ^^ ^^^^' ^^^^® 

* dw\du dv du dv I dw\du dv du dv J 

^i^/d^d^_d^(^A 
dw \du dv du dv) ^ 

and — D^ is equal to a similar expression with a?, y, « instead 
of Uy V, V) respectively. 

It may happen that equations (2) will impose some restric- 
tion as to the way in which the transformations are to be 
effected. For example suppose we have 

aj + y + « — M = 0, a? + y — wt> = 0, y— mvw? = 0. 

From these equations we cannot express z in terms of w and 
X and y, and therefore we cannot begin by transforming from 
z to w» We may however begin by transforming from to w 
or from zio v\ or we may begin by transforming from oj or y 
to t* or i? or w. 

14—2 
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246. It may be instructive to illustrate these transforma- 
tions geometrically. We begin with the double integral. 




Let 1 1 Vdx dy be a double integral, which is to be taken 

for all the values of x and y comprised within the boundary 
ABCD. Suppose the variables x and y connected with two 
new variables u and v by the equations 

aJ=/i(w, v), y=/2(w, v) ....(1). 

From these equations let u and v be found in terms of 
X and y, so that we may write 

u^F^[x,y), v = F,{x,y) (2). 

Now by ascribing any constant value to u the first equa- 
tion of (2) may be consiaered as representing a curve, and by 
giving in succession different constant values to w, we have a 
series of such curves. Let then APQG be a curve, at every 

1)oint of which F^ {x, y) has a certain constant value u ; and 
et A'SRC be a curve, at every point of which F^ (a?, y) has 
a certain constant value u + hu. Similarly let BPSD be a 
curve, at every point of which F^ (a;, y) has a certain constant 
value v\ and let B'QBD* be a curve, at every point of which 
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F^ (a?, y) has a certain constant value v + Zv. Let a?, y now 
denote the co-ordinates of P; we shall proceed to express 
the co-ordinates of Q, 8, and R. 

The co-ordinates of Q are found from those of P, by chang- 
ing V into t? + St; ; hence by (1) they are ultimately, when oti 
is indefinitely small, 

Similarly the co-ordinates of 8 are found from those of P 
by changing u into u-\-hu) hence by (1) they are ultimately 

a; + ^- Sw, and y-{--r^Su. 
du ^ du 

The co-ordinates of jB are found from those of P by 
changing both u into u-\-hu and v into v-\-hv\ hence by 
(1) they are ultimately 

These results shew that P, ^, iJ, fi^ are ultimately situated 
at the angular points of a parallelogram. The area of this 
parallelogram may be taken without error in the limit for the 
area of the curvilinear figure PQR8. The expression for the 
area- of the triangle PQE in terms of the co-ordinates of its 
angular points is known (see Plane Co-ordinate Geometry, 
Art. 11), and the area of the parallelogram is double that of 
the triangle. Hence we have ultimately for the area of 
PQR8 the expression 

\du dv dv duj 

Thus it is obvious that the integral jjVdxdy may be 
replaced by 
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the ambiguity of sign would disappear in an example in 
which the limits of integration were known. In finding the 
value of the transformed integral, we may suppose that we 
first integrate with respect to v, so that u is kept constant ; 
this amomits to taking all the elements such as PQB8, which 
form a strip such as AA'G'G. Then the integration with 
respect to u amounts to taking all such strips as AA'G'G 
which are cojitained within the assigned boundary ABGD, 

24:7. We proceed to illustrate geometrically the trans- 
formation of a triple integral. 




Let jjlVdxdyctz be a triple integral, which is to be taken 

for all values of x,,y, and z comprised between certain as- 
signed limits. Suppose the variables x, y^ and z connected 
with three new variables t*, v, w by the equations 

From these equations let w, v, and w be found in terms of 
ar, y, and z^ so .that we may write 
w = i^i(a?, y, «), t? = jp; (a?, y, «), w^F^ (a?, y, «).... (2). 
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Now by ascribing any constant value to u, the first equa- 
tion of (2) may be considered as representing a surface, and 
by giving in succession different constant values to u we 
have a series of such surfaces. Suppose there to be a surface 
at every point of which F^ (a;, y, z) has the constant value w, 
and let the four points P, B, D, G be in that surface ; also 
suppose there to be a surface at every point of which 
jPj (a;, y, z) has the constant value w + Sw, and let the four 
points A^ jP, (r, ^ be in that surface. Similarly suppose 
P, A^ j&, C to be in a surface at every point of which 
F^ {x, y, z) has the constant value v, and P, P, (?, Pto be in 
a surface at every point of which F^ {x, y, z) has the constant 
value V + hv. Lastly suppose P, -4, P, B to be in a surface 
at every point of which Pg (a?, y, z) has the constant value w, 
and C i), G^, P to be in a surface at every point of which 
F^ (a>, y, z) has the constant value w + hw. 

Let a>, y, z now denote the co-ordinates of P; we shall 
proceed to express the co-ordinates of the other points. The 
co-ordinates of A are found from those of P by chapging u 
into w + Sm ; hence by (1) they are ultimately when iu is 
indefinitely small, 

^+£^' a'+l^"' *+^^ 

The co-ordinates of P are found from those of P by chang- 
ing t; into t? + St? ; hence by (1) they are ultimately 

x + ^hv, y + j8», « + §«». 

Similarly the co-ordinates of G are ultimately 

'*+S^"'' y^%,^' "-^i^- 

The co-ordinates of P are found from those of P by chang- 
ing V into t? + Sv, and w into w^-hw] hence by (1) they are 
ultimately 

'*%^*t''- ^^>*^.^' '^>^T.^ 

Similarly the co-ordinates of ^ Pand G may be found. 
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These results shew that P, A, B, G, D, 'E, F, G are ulti- 
mately situated at the angular points of a parallelopiped ; and 
the volume of this parallelopiped may be taken without error 
in the limit for the volume of the solid bounded by the six 
surfaces which we have referred to* Now by a known theo- 
rem the volume of a tetrahedron can be expressed in terms 
of the co^-ordinates of itd angular points, and the volume of 
the parallelopiped PG is six times that of the tetrahedron 
ABPG. Hence finally we have for the volume of the paral- 
lelopiped 

idx fdy de dy dz\ dy fdz dx ^ dz doS\ 
" \du \dv dw dw ^/ du \dv dw dw dv) 

du\dv dw dw dvj) " 

Hence the triple integral is transformed into 

±jjjrNdudvdw; 

the ambiguity in sign would disappear in an example where 
the limits of integration were known. 

248. We have now given the theory of the transforma- 
tion of double and triple integrals ; the essential point in our 
investigation is, that we have shewn how to remove the old 
variables and replace them by the new variables one at a 
time. We recommend the student to pay attention to this 
point, as we conceive that the theory of the subject is thus 
made clear and simple, and at the same time the limits of the 
transformed integral can be more easily ascertained. We do 
not lay any stress on the geometrical illuatrationa in the two 
preceding articles; they require much more development 
before they can be accepted as rigid demonstrations^ 

249. Before leaving the subject we will briefly indicate 
the method formerly used in solving the problem. This 
method we have not brought prominently forward, partly 
because it gives no assistance in determining the new umits, 
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and partly on account of its obscurity ; the latter defect has 
been frequently noticed by writers on the subject. 

Suppose jjVdxdy is to be transformed into an integral 

with respect to two new variables u and v of which the old 
variables are known functions. 

Let the variables undergo infinitesimal changes : thus 

'**=^'^"+^''^ V (^)' 

'^2/=t'^^+rv^^ v(2). 

Now in the original expression Vdx dy in forming dx we 
suppose y constant^ that is, dy = 0; hence (2) becomes 

<^=l'^"+l'^^ (3)' 

find dv from this and substitute it in (1) ; thus 
dx dy dx dy 

7 du dv dv du 1 /.% 

dx ^ T du (4). 

dv 

Again, in forming dy in Vdxdy we suppose x constant, 
that is, dx=^0 ; hence by (4) we must suppose c?w = ; thus 
from (2) 

^y = J^«^ (^)- 

From (4) and (5) 

, f (dx dy dx dy\ , , 
dxdy^\-j--f —-J- ~]dudv; 
^ \au dv dv duj 

and 1 1 Vdx dy becomes 

J J \du dv dv du) 
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Wiih respect to the limits of integration we can onlj 
^▼e the general direction, that the new limits most be so 
taken as to include everj element which was included by the 
old limits* 

250. Similarly in transforming a triple integral 

Vdxdydz 



III' 



the process was as follows. Let the new variables be «, r, ir ; 
in forming dz we mnst suppose x and y constant ; thus we 
have 

dz^^-j-du+^r-dv-^—j-dw. 
au av aw 

dx y dx y dx 

0= -j'dU'\-'j-'dv-\' j-dw. 

au av aw 

au av dw 

^ dx dy dx dy * ^ '^ 

du dv dv du 

where ^has the same value as in Art. 247. 

Next in forming dywe have to regard x and z as constant; 
hence by (1) we must regard w as constant ; thus we have 

^ dx -f dx , 
Os=-T-aw + -j-at;; 
du dv 

/dy dx_^^ d^y 

. - J \dv du du dv) ,^y. 

therefore ay- ^ 12;. 

du 
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And lastly in forming dx we suppose y and z constant, 
that is, by (1) and (2) we suppose w and v constant ; thus 

^^ = £^^ (^)' 

From (I), (2), and (3) 

dxdydz^ Ndu dv dw. 

251. ^ The student who wishes to study the history of 
this subject may be assisted by the following references. 
Lacroix, Galcul Diff. et IntSgrcU, Vol. Ii. p. 205 ; also the 
references to the older authorities will be found in page xi. of 
the table prefixed to this volume. De Morgan, Diff. and 
Integral Calculus, p. 392. Moigno, Galcul Diff. et fntSaralj 
Vol. II. p. 214; Ostrogradsky, MSmoires deVAcadSmte de 
St Piterahourgy Sixifeme S^rie, 1838, p. 401. Catalan, Mi- 
moirea CouronnSs par VAcad6mie...de Bruocelles, Vol. XIV. p. 1. 
Boole, Gamhridge Mathematical Journal, Vol. IV. p. 20. Cauchy, 
Exercicea d^Analyae et de Physique MathSmatique, Vol. IV. 
p. 128. Svanberg, Nova Acta Itegice Societatia Scientiarum 
Upaalienaia, Vol. xili. 1847, p. 1. De Morgan, Tranaa^tiona 
of the Gamhridge Phil. Society^ Vol. ix. p. [133]. 



EXAMPLES. 

1. Shew that if a; = a sin d sin and y = & cos d sin <^^ the 

double integral jjdxdy is transformed into 

± I jab sin cos <f> d^dO. 

2. If a; = t*sina + t;cosa and y = t*cosa — wsina, prove 

that 

//-^(^>y) ^{l^Xy^) =//>^(^>^) ^{l^^u^^^ ^ 
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3. Prove that 



4. Transform Ijvdxdy, where y = xu and x = . 

K the limits of y be and x and the limits of a: be 
and a, find the limits in the transformed integral. 

Vvil-i-uPdudv. 

5. Transform ||6ri«*+*^«»*+*^db?rfy from rectangular to 

polar co-ordinates, and thence shew that if the limits 
both of X and y be zero and infini^, the yalue of the 

integral will be ^r— ^ — . 
2 Sin OL 

6. Transform I I ^ (a?, y) dxdy to polar co-ordinates, and 

indicate the limits for each order in the transformed 
integraL 

Shew that 



JoJc 



^ ^^y I tan-* «^ 



7. Apply the transformation from rectangular to polar co- 

ordmates in doable integrals to shew that 

8. Transform the double integral / //(a?, y) db? dy into one 
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in which r and 6 shall be the independent variables, 
having given 

« = r COB ^ + a sin ^, y = r sin ^ + a cos ^. 
Result. 

1 1/(^ cos ^ + a sin ^, t sin^ + a cos G) (a sin 2^ - r) dd dr. 

9. Transform ||e"*^^da?e?y into a double integral where 

r and t are the independent variables where- = t and 

7^ = 0!^ + ^'; and if the limits of x and y be each 
and 00 , find the limits of r and t^ 

10. If X and y are given as functions of r and ^, transform 

the integral jj jdxdydz into another where r, ^ and 

z are the variables ; and if a; = r cos ^ and y = r sin 0, 
find the volume included \>j the four surfaces whose 
equations are r = a, « = 0, tf = 0, and z = mr cos ^. 

IT 

Result. The volume = I / r'w cos ddddr— . 

11. If oa? = yz^ py = zx^ ^z = a?y, shew that 

12. Transform \\\\ Vdx^ da?, &?, dx^ to r, ^, ^ and -^ when 

a?j = r sin ^ cos <^, op^ = r cos ^ cos-^, 
a?, = r sin a\n<f), x^^r cos 6 sin '^. 

J?e5tt?^ jjjjWBin0coQ0drd0d<f>dit. 
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13. Find the elementary area included between the curves 
<!> {x, y) = u, yjr {x, y) = v, and the curves obtained by 
giving to the parameters u and v indefinitely small 
increments. 



Find the area included between a parabola and the 
tangents at the extremities of the latus rectum by 
dividing the area by a series of parabolas which touch 
these tangents and by a series of lines drawn from the 
intersection of the tangents. 



14. Transform the triple integral / / //(a?, y, z) dx dy dz into 

one in which r, y, z are the independent variables, 
having given yjr (a?, y, «, r) = ; and change the vari- 
ables in the above integral from aft, y, z to r, 0^ ^, 
having given 

n|r(a;,y,2;,r) = 0, '>lr^(t/, z, r, 0) = 0, -^^^ (2?, r, ^, 0J = 0. 

dx dy de 

15. Transform the double integral 

in which a?, y, z are connected by the equation 
«"+y'+«'=l, to an integral in terms of and ^, 
having these relations, 

a? = sin0\/(l — ^'sin*^, y = cos^cos0, 

« = sin ^ s/{l — w* sin*^), w* + w* = 1. 

Hence prove that 



ir w 



if 2 w'cOs'g + n'cOS^^ ^^^JL_^ 

,,, V(l-^'sin''«)V(l-w'sin'<^)^^^~2" 



// 

Jo«'o 
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16. Transform the integral \\\dxdydz to r, 0, ^, where 

a? = r sin \/(l — w* cos' 5), y = r cos sin 0y 

z = r cos VCcos'*^ + w" sin'<^). 

jy J [f fr^ {(w'- 1) C08> ~ n' sin'g) dr d0 d^ 
MesuiU jjj ^(i_^«eo8"^)V(cos»<^ + w»sin«<^) • 

17. Transform the expression jj-^sin0d0 d^ for a volume, 

to rectangular co-ordinates. 

Result. ^\\{z'-'px'-'qy)dxdjf\ this should be in- 
terpreted geometrically. 

18. If a? + y + « = «, a? + y = wr, y = t^vt^, prove that 

I Vdxdydz = \ I I Vu^vdudvdw. 

•'0 •'0 •'0 J ^ J^J 

19. If a?j = rcos^j, 

a:j = r sin ^j cos ^,, 

a:^ = r sin ^^ sin ^^ cos 0^, 



a;^i = r sin 0^ sin 5j. . .sin 0^^ cos ^^^^ , 
a;» = r sin 0^ sin 5,.. .sin ^^^ sin 0^^, 

shew that III V^x^dx^...dx^ 

= ± Iff rV«-^ (sin ^/-» (sin 5J«^ 



.sin 0^^ dr d0^ d0^ d0^^ , 



where V is any function of x^, a?j,...aj^, and F' what 
this function becomes when the variables are changed. 
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CHAPTER XII. 

DEFINITE INTEGRALS. 

252. When the indefinite integral of a function is known, 
we can immediately obtain the value of the definite integral 
corresponding to any assigned limits of the variable. Some- 
times however we are able by special methods to assign the 
value of a definite integral when we cannot express the 
indefinite integral in a finite form ; sometimes without actually 
finding the value of a definite integral we can shew that it 
possesses important properties. In some cases in which the 
indefinite integral of a ftmction can be found, the definite 
integral between certain limits may have a value which is 
worthy of notice, on account of the simple form in which it 
may be expressed. We shall in the present chapter give 
examples of these general statements. 

We may observe that a collection of th^ known results 
with respect to Definite Integrals has been published in a 
quarto volume at Amsterdam, by D, Bierens de Haan, under 
the title of Tables d* Intigralea JUifinies. 

253. Suppose/(a:) and F[x) rational algebraical ftmctions 
of a?, and/(a;) of lower dimensions than F{x)^ and suppose 
the equation F(x)^Q to have no real roots ; it is required to 
find the value of 

It will be seen that under the above suppositions, the 
expression to be integrated never becomes infinite for real 
values of a:, 



f: 
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Let a + ffs/{— 1) and a— )8\/(— 1) represent a pair of the 

imaginary roots o{F{x)=0; then the corresponding quadratic 

fix) 
fraction of the series into which 't,^, > can be decomposed, 

may be represented by 

2 A {X'-'Oi) + 2B$ 

the constants A and B being found from the equation 

^ ^Vl i;-j?^'{oc + /3V(-l)} (Art. 21). 






<e?« 



Now r./"^^rr^ = 25 tan-^ 

therefore I 7 ^g . ^2 = 257r, 

Ai p {x^a)dx _f 

and it is obvious that the latter integral between the assigned 
limits is zero, for the negative part is numerically equal to 
the positive part. Thus 2B7r represents the part of the 
integral corresponding to the pair of imaginary roots under 
consideration. 

If then we suppose F{x) to be of 2n dimensions, and 

-Bj, -Bj, B^ to be the n terms of which we have taken B 

as the type, we have 



/■ 



/M^.= 



,F{x) 



dx = 2v {B^ + 5, + + B,}. 



254. As an example of the preceding article we take 

oTdx 



/ 



where m and n are positive integers, and m less than n. Here 

■ ^ - 5 V(- 1) = 2^ 1^ ^ ^ V(- 1)}-"^ ' 

T. I. c. 15 
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and it is known from the theory of equations that the values 
of a +)8 \/(-" 1) *re obtained from the expression 

(2r + l)7r ,,,-.. (2r + l)w 

by giving to r successively the values 0, 1, 2, up to 

n-1. 

Thus, by Demoivre's theorem, 

{a+fi V(- 1)}**-*"-* = cos (^ + V(- 1) sin 0, 
ivhere 

SO that 

co8<^ + V(-l)sin0 = -cos(2r + l)^ + V(-l)sin(2r + l)^, 

where ^^"^'^• 

Hence 

^-5V(-l) = 2;^_^g^2r + l)^ + V(-l)sin(2r + l)d 

cos (2r + 1) g + \/(~ 1) sin (2r + 1) g . 
■" 2n ' 

therefore JS== ^; ^ . 

2n 

Hence 

^-^=-{8in^ + sin3^+sin5^+,..+ sin(2n-l)0}. 

The sum of the series of sines is shewn in works on Trigo- 

, sin'n^ J . xt. J. ^ 2m + 1 

nometry to be . ^ , and m the present case n0 = — - — -tt, 

so that sin*«^ = 1. Therefore 



>f — < 



/: 



a^dx ^ 

1 + »*" "" . 2m + l ' 

' W Sm ~ TT 

2n 
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It is obvious that / ^^ is half of the above result, 

that is, 

' X^dx IT 



/. 



• 2nsm — TT 

2n 



255. In the last formula of the preceding article put 



a;^ =y, and suppose — - — = h ; thus we obtain 






1+y sin^TT ^ ^' 



This result holds when h has any value comprised between 
and 1. For the only restriction on the positive integers m 
and n is that m must be less than w, and therefore by pro- 
perly choosing m and n we may make — equal to any 

assigned proper fraction which has an even denominator when 
in its lowest terms. And although we cannot make — 

exactly equal to any fraction which has an odd denominator 
when in its lowest terms, yet we can make it diflfer from 
such a fraction by as small a quantity as we please, and thus 
deduce the required result. 

In the last result put of for y, where r is any positive 
quantity; thus 

J^ 1 + af sin&7r' 

r* a^^ dx 
that is, I ^ . , =5 • 

J^ l + af i 



r sin kir ' 



Let kr=^8: thus I ^ . , = 

Jo ^ + ^ 



8 

T Sin ~ TT 
T 



15—2 
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The only restriction on the positive quantities r and s is 
that B must be less than r. 

The student will probably find no serious difficulty in the 
method we have indicated for proving the truth of equation 
(1) when Jfc is a fraction which has an odd denominator when 
in its lowest terms ; nevertheless a few remarks may be made 
which will establish the proposition decisively, and which 
will also serve as useful exercises in the subject of the pre- 
sent chapter. 

Let «=J^ ?^; then 

and by putting - for y we find that 

J, 1+y J, 1 + 2 






. 1+y " 



•^^ s-/;si(^-'-)* *''• 



du . 



Equation (2) shews that £ is negative if ^' -JT* is con- 
stantly positive, and positive if y^'-y* is constantly nega- 

-T du . 

tive, between the limits and 1 for y. Hence ^ is negative 

1 

or positive according as A: is less or greater than - . Thus « 

diminishes as k increases from to i , and « increases as k 



increases from - to 1. 
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Now let 3 denote any fraction in its lowest terms, in 
which )3 is an odd integer ; and let p be any even integer. 
Let h, =^ — 7i— J and \ = ^ , and let h^ denote 75 • Let 

^u ^a> **a deiiote the values of I ^ when for A; we sub- 

stitute ifej, A;,, ife, respectively. Then by equation (1) 



M, = -, — J — and u^ = -; — =- 
* smA;,7r ' sin A;* 



Now we may take p so large that A:^ and ife, shall be both 

greater or both less than - ; and then by the inferences drawn 

from equation (2) it follows that w, must lie numerically be- 
tween Wj and W3. Thus u^ cannot diflfer from u^ or u^ by so 
much as the difference of u^ and u^ ; and therefore a fortiori 

M. cannot differ from -; — = — by so much as the difference of 
* sm k^TT '' 

u^ and W3. Hence as p may be indefinitely increased we 
have finally u^ = -;-^ — . 



Eulerian Integrals* 
256. The definite integral 



paf-'il-xT 



is called the Jtrat Eulerian integral; we shall denote it by the 
symbol B {I, m). 

The definite integral 

'ar^dx 



/:- 



is called the second Eulerian integral; it is denoted by the 
symbol r(n). 
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We shall now give some of the properties of these inte- 
grals ; the constants in these integrals, which we have denoted 
by Z, m, n, are supposed j?<?«iVtve in all that follows. 

257. In the first Eulerian integral put a; == 1 - « ; 

thus f V* (1 - xy dx = {\^^ (1 - zf-' dz ; 

this shews that the constants I and m may be interchanged 
without altering the value of the integral ; that is, 

5(Z, m) = 5(w, Z). 
Again in the first Eulerian integral put a? = — ^— ; thus 

In the same integral put x = ; thus 

258. Let e"* = y, so that x = log - ; then we have 

J' 

which consequently gives another form of r(n). 

259. We have by integration by parts 

je^x^dx^^^-e^x^ + nle^ar^dx; 

and e"*aj" vanishes when a? = 0, and also when a? = oo . (See 
Dif. Cal Art. 153) ; thus 

I e^a^dxssn I e^af^^dx; 
that is, r(n+l)=nr(n) ,.(1). . 



DEFINITE INTEGRALS. 231 

Since le~* da; = — e"* we have / e^dx=^l; that is, 

r(i) = i (2). 

From (1) and (2) we see that if n be an integer 

r(n + l)=[n. 

When n is not an integer we may hy repeated use of 
equation (1) make the value of T (n) where n is greater than 
unity depend on that of T {m) where m is less than unity- 

260. By assuming feB = « we have 

261. We shall now prove an important equation which 
connects the two Eulerian integrals. 

Integrate the double integral / / a}^^^ y^^ e^^^ dy dx 
first with respect to x; we thus obtain, hj Art. 260, 



r 



Jo 






Again integrate the same doable integral first with respect 
to y ; we thus obtain 

r(m) dx, 

Jo •*' 

that is, r(w)[ e'af^^dx, 

that is, r {m) T (I). 

Hence f y-'di, _ rfflr(m) 

Hence, by Art. 257, 

p^7 „^- ^(^)^(m) 
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262. In the result of the preceding article, suppose 
Z + m = 1 ; thus, if wi is less than unity, 

/;^-r„ra-„,, 

since F (1) = 1. Hence, hj Art, 255, if w is less than unity 



T{m)T{l^m) = 



smmTT 



268. Put m =s ^ in the last result ; then 

r(i)r(i)=^, 

therefore F (J) == V". 

We will give another proof of the last result 

Let u = I e~^ dx ; then it is obvious that u also 

Jo 

= / er^dy; 

thus w"=l er^dxxj e^dy 

= 1 I e-^'^-^dxdy (Art. 66). 

This double integral is shewn in Art. 204 to be 

therefore w = ^. 

Now F(J) = | e"* «"*&;; putaj=^, 

thus F(J)=»2f e-^dy^^u^^Jir. 

Jo 

264. We shall now give an expression for r(w) that will 
afford another proof of the result in Art. 262. We know that 
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aj* — 1 

the limit of — 7 — when A is indefinitely diminished is log x; 

hence 

(logl)"' = Umitof(l^"V 
SO we may write 

where y is a quantity that diminishes without limit when h 
does so. 

Put A = - , then, by Art. 258, 

r (n) =r»-^ f \l -af)»-*£fo+ f ydx. 
In the first integral put x = z'^; thus 

r (n) - f yda; = r* f V^ (1 -«)«-^rf5?. 

We have it in our power to suppose r an integer ; then 
the integral on the right-hand side, by Art. 33, is 

1.2.0 T ||_2 

n(n + l) (n + r-1)^ ' 

Let r increase indefinitely, then y vanishes and we have 
r(n)=.Umitof , _}:,^'^"r^ .. r^"'' 

265. From the result of the preceding article we have 

{r(«)r L m*)( m* U nf_) . 

T{n-m)T{n-\-m)~Y "'It (« + lni («+2)'J'" 

A particular case of this is obtained bj supposing ra «= 1 ; 
thus 

r(l-i»)r(l + m) " (^ ~W (^ ~ ¥) v ~ w) ' 
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the expression on the right-hand side is known to be equal to 

sin WTT ^, 
: thus 



r(i-w)r(n-w)=- 



therefore V Im) T (1 - w) = . ^ (Art. 259). 

266. We shall now establish the following equation, n 
being an integer, 



n-l 



r ©■■©'•© r(^)-(-) 

First suppose n odd ; in Art. 262 put for m successiyelj 
- , - , - , ... up to — — , and multiply ; thus 



^{^O^O ^(=^) 



TT 



n-l 
3 



. TT . 27r . (n— l)7r 

sin —sin — ...sin^— -p — 

n n 2n 



n-l 

= (27r).a ni. 

(See PZanc Trigonometry^ Chap, xxiii.) 

Next suppose n ev^n ; in this case put for m successiTelj 

j^ 2 n 2 

- , - .... up to —-■ — , and form the product as before : then 

multiply the left-hand member by V (J) and the right-hand 
member by the equivalent V^; then we obtain tke same 
result as before. 

267. A still more general formula is 

r(.)r(.+-3r(.+?) r(«.iri) 

n-l 
= r(«a!)(27r) « n*-"', 
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which we shall now prove. Let ^ (a?) denote 

n-r(.)r(. + i) r(. + !^) 



nr{nx) 


n-l 


>' 




we have then to shew that ^ (a?) = 


(27r) a n 


-K 




We have 








J. /^ 1 -IN _ ^ , \ ^/ 




-1\ 
n ) 




{nx + n) 


• 




«•'(-=) (-3- 


U + 

\ 






(rwj + n— 1) (naj + n — 2).... 


..mc * ^""^ 




= ^ (a?). 








Similarly ^ (a? + 2) = ^ (a: + 1) = 
thus we have 


= ^ (a?) ; and by proceeding 


^(4=^(aj + m), 







where m may be as great as we please. Hence ^ (a?) is equal 
to the limit of ^ (ji) when /^ is infinite ; thus ^ (a?) ww«^ Je 
independent ofxy that is, must have the same value whatever 
X may be; hence ^ (a;) must have the same value as it has 

when a? = - ; thus the theorem follows by the preceding ar* 

tide. This theorem is ascribed to Gauss ; a more rigid proof 
is given in Legendre's Exerckee de Calcul Int^rat, Yoi. II. 
p. 23 ; see also the Journal de VEcole Folf/technigue, Vol. xvi. 
p. 212. 

268. Many definite integrals may be expressed in terms 
of the Gammorf unction ; we shall give some examples. 

The integral / r*^ dx becomes by putting y for a V . 

f i^,thatiBira),or^. 
J, 2aVy ' ' 2a ^^" 2a 
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obtain 

Again, in I a;'"^ (1 -a^**"* cfo; put i»* = y ; thus we obtain 

r. . r(i)rw 

i y^(l-y)-%,thatis,— iHi -. 

•'• 2r(i4-«.) 

Thus j'BiTfeco&''0d0=fx'(l-a?y'dx 

- I o^-' (1 -a!»)--'&j= ^ f { ^ ; ^ . 

Again, in , , ,. — rrisi put a; = -r; — ^. , , ,• thus 

we obtain 

;^j^ r (1 -yr rfy. that 18, ^j^^^r^^) . 

269. In I af~^ (a — a;)~"^ da? put a? = ay ; thus we obtain 
a'^f^iT (1-yr %, thatis, a-- ^^^ • 

270. It is required to find the value of the multiple in- 
tegral 
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the integral being so taken as to give to the variables all 
positive values consistent with the condition that a;-f-y-f-i5+.., 
IS not greater than unity. 

We will suppose that there are three variables, and conse- 
quently that the integral is a triple integral; the method 
adopted will be seen to be applicable for any number of 
variables. 

We must first integrate for one of the variables, suppose z; 
the limits then will be and 1 — a?— ^; thus between these 
limits 



/■ 



..-ij- (i-g'-y)" , r(n) 



Next integrate with respect to one of the remaining varia- 
bles, suppose y ; the limits will be and 1 — a; ; and between 
these limits, by Art. 269, 

Lastly integrate with respdct to x between the limits and 
1 ; thus between these limits 

jx {1 X) ax- r(i+w+„ + i) • 

Hence the final result is 

T{n) r(OT)r(«+l) r{T)T{m + n+l) 
r(»+l) T{m+n+l) r{l+m + n + l) ' 

***"' T{l+m + n+l)' 

271. It is required to find the value of the multiple in- 
tegral 



///• 



.f'v'^r'-d^^V^t- 
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the integral being so taken as to give to the variables all 
positive values consistent with the condition that 

M+||Y+fl)'+... 



is not greater than unity. 

Assnme a.= (D', i,= (^)\ z=>(^^\ 

Then the integral becomes 

with the condition that a? + y + « + ... is not greater than 
unity. The value of the integral is, therefore, by the pre- 
ceding article 



-minr 



olp^rf... \p ) 

\p q r J 

272. As a simple case of the preceding article we may 
suppose ^, J, r, ... to be each unity, and a, /8, 7, ... each equal 
to a constant A; thus the condition is that f + ^+f+... is 
not to be greater than A. Therefore the value of the integral 



///• 



T{l)T{m)T{n)... 



^ " T{l + m + n + ... + \)' 

whicli we may denote by 

Similarly if the integral is to be taken so that the sum of 
the variables shall not exceed h + AA, we obtain for the result 



N{h + M) 



1+114+11+, . , 
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Hence we conclude that the value of the integral extended 
over all such positive values of the variables as make the 
sum of the vanables lie between A and A + AA is 

N{{h + AA)"«^- ^ A"-^*-}, 
and when AA is indefinitely diminished, this becomes 
jV(? + m + w + ...) A^^+--^ AA, 

that is, rfflr(m)ry. j,i^..,-.^^ 

r(( + w + n + ...) 

273. It is required to find the value of the multiple 
, integral 

/|/...a3'"*^**"^«""*.../(aj + y + «+...)rfa?rfyefo... 

the integral being so taken as to give to the variables all 
positive values consistent with the condition that aj+y+;5 +... 
IS not greater than c. 

We will suppose for simplicity that there are three 
variables. Bjr the preceding article if f[x + y + «) were 
replaced by unity that part of the integral which arises from 
supposing the sum of the variables to lie between A and 
A + AA would be ultimately 

r(Z)rMr(n) 

r(Z + m + w) 

And if the sum of the variables lies between A and A + AA, 
the value of /{x+y^-z) can only difier from /(A) by a 
small quantity of the same order as AA. Hence, neglecting 
the square of AA, that part of the integral which arises from 
supposing the sum of the variables to lie between A and 
A + AA is ultimately 

Hence the whole integral is 

r(Z + w + n) j/^ ' 



240 DEFINITE INTEGBAI^. 

274. Similaxly the value of 

for all positive values of the variables, such that 
is not greater than c^ is 

The result of this and the preceding article may be ex- 
tended to the case of any number of variables. 

275. It is required to find the value of the multiple 
integral 

jjj'"f{^i^i + «A+ +a»aj„) dx^ dx^ ... dx^, 

the integral being so taken as to give to the variables all 
values consistent with the condition that x^'{-x*...+x^ is 
not greater than unity. 

By successive application of a transformation for a double 
integral given in Art, 242, the multiple integral may be 
reduced to 



///• 



.../(fccj dx^ dx^ ... dx^j 

where k = ^/{a^ + a/ + ... + a^*) ; 

and these transformations do not affect the condition that the 
sum of the squares of the variables is not to be greater than 
unity. 



/// 
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We liave first then to find the value of the multiple integral 
dx^dx^ ... dx^, the variables being supposed to have all 



values consistent with the condition that a?*+a;,* + ...-ha?** 
is not greater than 1 — 0?^*. First suppose that the variables 
are to have only positive values ; then we obtain the value of 
the integral by supposing in Art. 271, that each of the quan- 
tities Z, w, ... is unity, that each of the quantities ^, j, ... is 
equal to 2, and that each of the quantities a, )3, ... is equal to 
V(l — a;/). Thus the result is 



EM. 



2.1 r 



(^-') 



(I-*.*)'. 



But if the variables may have negative as well as positive 
values, this result must be multiplied by 2*^*. Thus we get 



Hence, finally, since the limits of x^ will be — 1 and 1, the 
multiple integral is equal to 

This agrees with the result given by Professor Boole in 
the Cambridge Mathematical Journal, Vol. III. p. 280, as it 
may be found by integrating his equation (15) by parts. 

276. It is required to find the value of the multiple 
integral 

the integral being so taken as to g^re to the variables all 
T. I. c. 16 
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values consistent with the condition that x^ ■\-x^+ ...+ x^ 
is not greater than unity. 

As in the preceding article the integral may be trans- 
formed into 

///••• V(l - /-?... - 0..*) ^^^- - ^'' 

First integrate with respect to the variables a?,, a?8>***^»» 
the limits being given by the condition that x^ + x*... +»«* 
is not greater than l—x^. Now if the variables were re- 
stricted to positive values, the integral 

[[[ dx^dx^,..dx^ 

by Art, 274 would be equal to 

that is, to 

But if the variables may have negative as well as positive 
values, this result must be multiplied by 2*"*. Thus we get 

n 



© 



(l-a'xT 
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Hence finally, since the limits of as^ are — 1 and 1, the 
multiple integral is equal to 



r 






277. Many methods have been used for exhibiting in 
simple terms an approximate value of T(n + 1) when n is 
very large: we give one of them. 

The product e"*aj" vanishes when x=0 and when a? = oo ; 
and it may be shewn that it has only one maximum value, 
namely when x==n. We may therefore assume 

e'^x'' = e^nre'^ (1), 

where t is et, variable which must lie between the limits — oo 
and + 00 . 



Thus 



[Va?Va? = 6-*w" r e-^^^dt (2). 



Take the logarithms of both members of (1) ; thus 

a? — nloga? = w — wlogw + ^ (3); 

put x=n + u; thus 

u — nlog{n+u) =«*— wlogn (4). 

But by Taylor's Theorem 



log (w + w) = log w + - 



u u^ 



a' 



n 2{n + 6u) 
where ^ is a proper fraction ; thus (4) becomes 

*^^^^^^^^ TW^Te^r^ • (^^' 

16—2 
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therefore m= ., } \^ . (6). 

But from (3) -5- = = 2< + — 

^ ' at X'-n u 

= V(2«) + 2(l-^<, b7(6). 

Hence (2) becomes 

re''x''dx=:e^n'' j e'*'y{2n) +2 (1-^ ^} dt; 
and I e*^e?«=s\/W; t^us 
j^e-**-^! = 6-<V(2«7r) {1 + -j±-^fj-t^ {l-ff)t dt] (7). 

But since 1 — ^ is positive and less than unity, the nume- 
rical value of I e"** {l — 0)tdt is less than / e~^ t dt, that 

is, less than J. Hence we conclude from (7) that as w is 
increased indefinitely, the ratio of r(w + l) to e"" w" V{2w7r) 
approaches unity as its limit. 

We may observe that in the original equation (1) we 
have f and not t itself; hence the sign of t is in our power, 
and we accordingly take it so that equation (5) may hold, 
supposing aJu and V2 both positive. 

(See Liouville's Journal de Math^matiques, Vol. x. p. 464, 
and Vol. xvil. p. 448.) 

Definite Integrals obtained hy differentiating or integraiittg 
with respect to constants^ 

278. We shall now give some examples in which definite 
integrals are obtained by means of differentiation with respect 
to a constant. (See Art. 213.) 
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To find the value of 1 c^^^ cos 2rx dx. Call the definite 
integral u; then 

xe^^'^sia2rxda:. 



du _ r 



Integrate the right-hand term by parts ; thus we find 



therefore 
therefore 

therefore 

where ^ is a quantity which is constant with respect to r, 
that is, it does not contain r. To determine A we may suppose 

r = 0; thus w becomes I e""***** da?, that is, — , (Art. 268). 

Hence -4 = ^ , and 
2a ' 



du 
dr~ 


2ru 


(floffM 


2r 


dr ~ 


a'' 


l0gM = 


— J + constant, 


w = 


Ae'^, 



I. 



e-"^ cos 2rx dx = -^ e «* . 
• 2a 



279. We have stated in Art. 214, that when one of the 
limits of integration is infinite the process of difierentiation 
with respect to a constant inai/ be unsafe; in the present case 
however it is easy to justify it; we have to shew that 

I c*^'* p dx vanishes where p is ultimately indefinitely small ; 

it is obvious that this quantity is numerically less than 

Pj I e"«^ dx where p^ is the greatest value of p, that is, 
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a/tt 
less than -^r-ft; but this vanishes since p^ does. Similar 

considerations apply to the succeeding cases. 



280. To find the value of / ^-teSiE.^^ . Denote it 



by M, then. 

T- = I e '^casrxdx. 

r 

'' 

Jt4 



T> X i ui. 7 _u„rsinra? — icosra? 
But I e-** cos ra; da; = e ** ^ — -^ ; 

therefore I c'^^cos ra; da? =yjr--—i; 



thus 



rfr~>fe- + r*' 



9* 

therefore w = tan"^ t • 

A; 

No constant is required because u vanishes with r. This 
result holds for any positive value of A; ; if we suppose k to 
diminish without limit, we obtain 



r 

J 



sm ra; , ir 



» 2 

Bsult ahonld hft — 
2 



if r be positive ;^ if r be negative the result should be — — . 



281. To find the value of [ 6 C**^^) dx. Denote it by 
tt, then 

.2«j;.-(-s)§; 



dw 
da 



assume x = -, then the limits of z are oo and : and we 

obtain 

du _ 



therefore 

therefore 
therefore 
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da 



2; 



log w = — 2a + constant ; 



To determine A we may suppose a = ; then u = ^ ; 
therefore A = — - ; thus 

282. We may also apply the principle of integration with 
respect to a constant in order to determine some definite in- 
tegrals ; the principle may be established thus. 



Let 
then 



I tide = 1 j (f>{x,c)dcdx 

= / / ^(a?, c) dxdc; 

since when the limits are constant, the order of integration is 
indifferent (Art. 62). We shall now give some, examples of 
this method. 



283. We know that [ e'^dx^^ 

Jo 



Integrate both sides with respect to k between the limits 
a and b ; thus 

- dx = log - . 



/; 



x 



' e^dx 



It should be noticed that I and 



X 



f 

Jo 



«^-tey 



X 

dx 



are both 
dx 



mfinite ; for I is greater than e^ \ — , and I — 
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is infinite. Bnt this is not inconsistent with the assertion 

that I dx is finite, and without finding the value 

.• . ^ . . 
of this integral it is easy to shew that it must be finite. For 

it is equal to the sum of ^-^-^ and | ^^ — where 

Jo « , i« 5 . 
if} (a?) = e^ — 6"** ; the second of these integrals is finite, for 

it is less than - I ^ (a?) da?, that is, less than — ( j-\ . 

We have then only to examine 1 dx. 

Jo ^ 

Now by Maclaurin's Theorem 

where is some fraction ; thus £-^ is less than J — o + -x- , 
'a? 2 

where A is the greatest value which <f)" {x) can assume for 

values of x less than c. Hence 



/: 



2-Li ^a? is less than (J — a) c + -— , 

Q X 4: 



and is therefore finite. 
284. We know that 



6"** cos ra? die = 



/: 



A;- + r"* 



Integrate both sides with respect to k between the limits 
a and b; thus 

I cosrajaa? = *log-5 — 5. 

r sm 7^ r cos 7*35 

285. Let I da; be denoted by A. and I ^ . ^ dx 

Jo ^ Jo ^ + «^ 

by B; we shall now determine the values of -4 and B; the 
former' has already been determined by another method in 
Art. 280. 
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In the integral A put y for rx ; thus 

-'o y ' 
this shews that A is independent of r. 

We have ^ = -j^ -"7+^ ' 

and JJ^=/^"^p^; 

*!, f^T?^ ^^ pl+aj'sinra; , . 

thus ^Mr^^^l^ ____e?a.=^; 

hence f Bdr^^^--A-=0 :..(!). 

Multiply by «"* and integrate ; we obtain since A is con- 
stant with respect to r 



"•■ U Bdr + jff - -4[ = constant* 



Now whatever be the value of r, it is. obvious that the 

integrals represented by A^ J5, and I Bdr are finite ; hence 

the constant in the last equation must be zero, for the left- 
hand member vanishes when r is infinite. 

Thus rSdr + B-At^O (2), 

From (1) and (2) ^ = _ 5 j 

therefore B = Ce^j 

where G is some constant. And from (2) 

J^Cfe-"- (7(6-^-1) = (7; 
therefore B^Ae* (3). 
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/. 



Now when r is indefinitely diminished, B becomes 
. • , that is, - ; hence from (3) 

-4 = - and 5 = - e"^. 



We have supposed r positive ; it is ohvious that if r be 
negative, B has the same value as if t were positive, and 

A has its sign changed ; that is, if r be negative 5 = - e*" 

and -4 = — — . {Tranaactions of the Royal Irish Academy, 
Vol. XIX. p. 277.) 

/ cos TX doc 9r 
From I — — -y- = — e"^, we obtain by differentiation 

with respect to r, 

""x^mrxdx ir ^ 



I 

•'0 



1+a? 2 



And from the same integral by integrating with respect 
to r between the limits and c, we have 



/. 



sin ex dx ^ir, ^. 
, x{l+a?)'-2^^''^ ^• 



286. The preceding article contains a rigorous investi- 
gation of the values of the integrals A and B; another 
method has been sometimes given for finding the value of 
B which is more simple but far less satisfactory. We will 
however now give this method, as it will lead us to notice a 
point of importance. 

Let B=\ z—rzijdx, 

Jo l+«^ 

- dB [ *ic sin rx , 



DEFINITE INTEGRALS. 251 






/* /* * COS VOR 

COS rxdx+ j a dx 

COS rx dx+ B, 






Now we will assume on grounds presently to be examined, 
that I C03 rxdx^O; thus 

and we have to find B from this equation. Multiply both 
sides by 2 -^ and integrate with respect to r ; thus 



(f)'.».^., 



where ^ is a constant, that is, h is independent of r. Thus 



f=V(A+^. 



therefore 



dB ^{h + B')' 
by integrating we have ' 

where A; is another constant. 

Thus e'**=5 + V(^ + -»•). 

By transposing, squaring, and reducing we finally obtain 
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where G^ and C, are constants. We must now determine the 
values of these constants. Since B cannot increase indefi- 

nitely with r we must have Cj = 0; and then since 5 = - when 

TT 

r = we have (7, = ^. Thus 

We now proceed to consider the assumption involved in 
the preceding method. 

CI- f-o* • J -oa. a sin raj + r cos ra? 
Smce 6^*smra;aa? = — e s- — ^ , 

" r__ T -^r sin ra; — a cos ra? 
and le^^cosra?rfa?=e^*' g— t — ; — , 

we have f e"" sin ra?db = -5-7-3, 

and I e^ cos ra; die = -=— — -- , 

if a he a positive quantity. 

If it were allowable to suppose a = we should obtain 

I sinra?da? = -, and I cosra?da;=0. 
h ^ h 

a. f . 7 cosra? , f , sinra? 
ISmce jsuirxdx=s , and |cosra;{;to=s ^, we 

are thus apparently led to the conclusion that the sine and co- 
sine of an infinite angle are both zero. The same conclusion 
seems to be suggested in other cases, so that it has been 
stated, that " the indeterminate symbols sin oo and cos 00 
are found in numberless cases to represent each of them, 
0, the mean value of both sin a? and cos a?." 

On this point however diversity of opinion exists among 
mathematicians, and the discussion of it would be unsuitable 
to an elementary work; the student may hereafter consult 
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three memoirs in the eighth volume of the Cambridge Philo- 
sophical Transactions^ numbered XV, xix, and XXXII. 



Definite Integrals obtained by Ea^nsion, 

287. If we expand log {1 -oe'^^C-i)} and log {1 - ae~*>^<-i)} 
and add, we obtain 



o" 



log (1 — 2a cos x+c?) 

= - 2 (a cosa? + ^ cos 2x + jcos Zx + ), 

the series being convergent if a is less than unity. Integrate 
both sides with respect to x between the limits and tt; 



thus 



I log (1 - 2a cos a? + a'*) da? = 0, a being less than 1. 

If a is greater than 1, since 
log (1 -2a cos x + a') = log a* + log (l cos a; + -J , 



we have 

r 

log (I — 2a cos X'\-a^)dx — ir log a* = 27r log a. 



/■ 

•'0 



If a = 1 it may be shewn by Art. 51 that the definite in- 
tegral is zero. 

We may put the result in the following form ; 

I log (a' — 2ac cos x •\-(?)dx=^ir log A;*, 

. where A* is the greater of the two quantities a' and (?, and 
is equal to either of them if they are equal. 

By differentiating this result with respect to a we arrive 
at the result which constitutes the last example of Art. 50. 
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288. B7 integration by parts we have 

I log (1 — 2a cos x + a^)dx 

X sin X dx 



/> 



= X log (1 — 2a cos a; + a*) — 2a I j— ^ 



/ 



-2a cos a? + a 

Hence, if a be less than 1, 

■■ X sin xdx w , /^ . va x-l x • 't , /^ . x 

^ = — log(l+a)', thatis, -log(l + a); 



J, 1 — 2a cos x + a' 2a ° ^ ' ' a 

if a be greater than 1, the result is 

^ log (1 +a) - ^ log a, that is, ^ log (l + -) • 

289. In like manner we have, if r be an integer, 

I cosrajlog(l — 2a cosa; + a')da? = a*", or a"*", 

according as a is less or greater than unity. 

290. Integrate by parts the integral in the preceding 
article ; thus we find 



I 



'» sin X sin rxdx w _, ir »,-+iv 

' — 3 = — a or — a ^ ^ 

,^ l-2acosa? + a' 2 2 ' 

according as a is less or greater than unity. 

291. Similarly from the known expansion 
l-a« 



1 — 2a cos a; + c? 

= 1 + 2a cos a? + 2a* cos 2a? + 2<:^C0fl Zx + ., 

where a is less than 1, we may deduce some definite integrals; 
thus if r is an integer 



/; 



cos rx dx ircf 



l-2acosaj + a' 1-a"' 
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for every term that we have to integrate vanishes with the 
assigned limits, except 2a*'/ cos' ra? die. 

/•« 1 s^ 

292. To find the value of — -^ - — . . 

]^ l+ar 1 — 2a cosca? + a' 

The term ^j — -— ^ may be expanded as in Art. 

X "~ ACL COS ca? *t" a , 

291 ; then each term may be integrated by Art. 286, and the 

results summed. Thus we shall obtain 

nr 11 + ae'* 



2*l-a" 1-ae-*' 

293. Similarly, 

I log (1 — 2a cos ca? + a") 5-= tt log (1 — oe"^. 

294. It is also known from Trigonometry that 

sin CO? . . • ft . « • o 

- — 5 = sm ca? + a sm 2caj + a* sm 3ca? + .. 

1 — 2a cos ca? + a 

a being less than 1, Hence by Art. 286, we obtain 

X sin cxdx ir 






(l + ar*) (1 - 2a cos ca;+ a*) 2(<^-a) 



This also follows from Art. 293, by difierentiating with 
respect to c. 



295. Tofindf^J^^db. 
Jol -a? 



By expanding (1 — a?)"^ we find for the integral a series 
of wmch the type is 



/, 



1 

a;* log a? da?. 
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By integration by parts this is seen to be eqnal to 
r; • Hence the result is 



that is, by a known formula, — — . 

296. Tofindf'fi?^.. 
J^ H-(cosic)" 

Expand the factor \1 + (cos a?)'}"S and we find for the 
integral a series of whicn the type is 

(— 1)* I a? sin a? (cos a?)"* dx. 

Jo 

By integration by parts this may be shewn to be equal 
2n + l 



Hence the result is 



■{'-M-^4 



IT* 

that is, by a known formula, — . 

297. Let V denote e*^^-^), that is, cos x + V(- 1) sin a? ; 
then if/ denote any function, we have by Taylor's Theorem^ 

/(a + t?)+/(a + 

= 2 |/(a) +/(a) cosaj+-^-^ cos 2a; + I . 

And 

1 — d* 

:, — Tts = 1 + 2c cosa:+ 2o*cos 2aj + 2c' cos 3x + 

1 — 2c cos a? + cr * 
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Therefore 

In this result it must he rememhered that c is to he less 
than unity, and the fdnctions/(a + v) and/(a + t;"^) must he 
such that Taylor's Theorem holds for their expansions. 

In a similar way it may he shewn that 
J^ l-2ccosa; + c* c u/\ • / yv/j> 

= 7rl/(a + c) +/(«)}• 

Svhstitution of imaginary values for Constants. 

298. Definite integrals are sometimes deduced from 
known integrals hy suhstituting impossihle values for some 
of the constants which occur. This process cannot he con- 
sidered demonstrative, hut will serve at least to suggest the 
forms which can he examined, and perhaps verified hy other 
methods (see De Morgan's Differential and Integral Calculus y 
p. 630). We will give some examples of it. 



We have [ e"^aj""^c£c=^"*r(n). 



For o put a + &V(— 1)> and suppose r = i^{c?+V) and 

tan ^ = - , so that p = r {cos + V(— 1) sin 0} ; thus 
a 

f *g^.+W(-l)}«aJ'^» dx = r'* {cos n0 - V(- 1) sin n0} T (n). 
T. I. c. 17 
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, 300, In the integral / e-('^+^)*<&, suppose y-=^ic»Jk: 

•'o 

thus the integral becomes -^j e-\r-^^) dy, which is 
known bj Art. 281. Thus * 

J V * 2 

Now put co3^ + V(-l)sini9 for k; thus the right-hand 
member becomes 






that is, 



-^jcos (2a8in^+D-V(-l) sin ^2asin<9 + ^L-s»co»». 
Thus £"e- («'-S)-'cos |(ar»+«') sin ^1^ 

= — ^e-s-^w'cos (2a sin ^ + D , 
and /"«-(*'^l)«»«8in|(a^+^*)sin^J^ 

= ^ e-*» "• » sin f2a sin ^ + ?) . 
* \ 2/ 

EXAMPLES. . 

2. Evaluate / cos(atana?)dS». Besult. -e"*. 

17— a 
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Thus by separating the possible and impossible parts we 
have 

r(n)cos^ntaji-*-) 

r(n)sin(nW|) 
I e^ af^^ &inhx dx =^ „ 

For modes of verificatibn see De Morgan, p. 630- 



299. In the formida 



J 



<^dx= 



2« 



change a into -^ — -c; thus 



Jo 2c V2' 



therefore 

2c V2' 



I icosc'a?-V(-l) sinc^aj'^efes- 
therefore I ^^^^^"^20^2^ 
and J^sinc'a?^ = ^^, 

If we write y for <?2?, these become 

p sinyrfy r cos ydy /jr 
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300. In the integral I e'v^"*"^/ *<&, suppose y — x»Jk\ 



1 r^ f iM^\ 
thus the integral becomes -^ / e^^lF) dy^ which is 

known by Art. 281. Thus 

Jo ^k 2 

Now put cos^ + V(— 1) sin9 for k; thus the right-hand 
member becomes 

: ^ 1 ^ , ^ ^-2a{cos(»+V(-l)piii(?}^ 

cos^ + V(-l)sin- 
that is, 
^ jcos r2a sin ^ + |j - V(- 1) sin fia sin d + 1) re"^""*'^. 

Thus fe" (^'■^D^'cos [(f+^) sin eldx 

= ^e-2«cos«co3 ^2a sin ^ + ^ , 

and |"6-(*"+^)^»'8in|^a:»+jI)sin5lrfa; 

= ^e-2«cotdsinf2asind + ^. 

EXAMPLES. 

1. Evaluate J^ i-:^^^*. i?^ft. '-^^ • 

2. Evaluate / co3(atana;)e£r. Result, -e'*, 

17—2 
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3. Evaluate [ a^-^el^dx. ReauU. - • 

Jo n 

5. Prove /V(tan^)rf^-;l[| + log{V(2)-l}]. 

ir 

6. Prove JV(cot^)#=;l[i + ^°Si^(2) + l}]. 

7. Find the limiting value of ice"*' I e^'db when a; = QO. 

Result. \. 

r» C11 ^T X f " cos ax — COB Sa? , i & 

8. Shew that die =^ log- . 

Jo ^ ^ 

9. If Fix^ -] be any symmetrical function of x and - , 



then 

dx ^ f ^ da? 



r dx _ r' 

J..^(.,i)='J.»4.i)- 

10. If F{x) he an algebraical polynomial of less than n 

dimensions 

11. Prove that [ e«>"«cos (sin^) d5 = 27r. 

12. Prove that 1 ^ ^-zr^ = -tt^t-t when c is indefinitely 

J J, 1 — ccos^ v(2n) 

nearly equal to unity, n being a positive quantity. 
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13. Evaluate [' (a coa0 + h flin 0) log {a cos"tf + 6 ein*^ d0. 

BTxpposing a greater than i. 

14. Shew that 

log f 1 + - j log -5 , according .as n is less or greater 



or 

than unitj. 

16. Find the value of 

where a and b are positive, hut a and 13 positive or 
negative; and shew that it is wholly real when 

16. 



. Prove that jf cot"** (l-fl? + ic')cfo? = --log2. 

17. Prove that Jj^:^ log (»+-) = ^ log 2* 

/•oo * 

18. From the value of I dx deduce that of 

BesuU. The two integrals are equal. 

19. Prove that /"(^:^J<& = log «p*. 
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20. Shew that r^^^^i^db = 7r. 

Jo U + a?) 

21. Shew that I (e^i*-e*"^)c&= (J-a) V^. 

(Solutions of SeruOe-Hotise JProblems, by O'Brien and 
Ellis, p. 44.) 

22. Shew that! \og-^^dx=j. 

23. Prove that I -^s . — = log— , and reconcae with 

j, logo? X ^n' 

this equation the result of transforming I y-^ — by 
making af^y. 

24. Shew thai f'Bin'^rfd=^.-l-E-i. 

J. . r(i|i) 

Jo (J + ca?)**" r(Z + w) 5"(J + c)' 

26. Shew that f ^"^^:,'fT'^'l = ^j.^,;^^1 -L.- 

27. Shew that '"^ ^^"^^^ 



. fa tM 

' jj, a 008*^ 



5 + 5sin"^ 2cosinir L=:»»,i±?' 
« * ft * 
n being less than unity. 

28. ShewthatfV4r:^ = l'!©) ^" . 

29. Shew that T-^—^ 1^ . 

'(1 — ar)n nsm — 
n 
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30. Shew that f \, ^^\t ,, == ,, ^ ^ '. \ 

31. Shew that | dx^Oj + - , or + - , ac- 

cording to the values of a and c. 

32. Trace the locus of the equation 

f * sin 6 cos ^oj ,^ 

, y=j, — g — <^' 

33. Trace the locus of the equation 

|=J log{l~2e"^cosd + e-**}c?^, . 

where w = sin - . 
a 

34. Trace the locus of the equation 

X cos 6 dd 



/a « 



VCo'+Sasin^ + l) ' 



in which the sign of the square root is always taken so 
as to make the quantity in the detiominator positiye. 



35. Shew that " 

I 1 sina? sin"^ (sina? siny) dxdy =--r — — . 

36« Compare the results obtained from 

I I sinoice'^dajd^, 
by performing the integrations in different order. 
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eTa^"^ dxy and hence skew that 






38. Shew that 

the integral being extended over all the positive 
values of x and y which make a? + i^ not greater than 
unity. 

39. Shew that 

n+l 

IT a 






2T 



m' 



the number of variables being n, and the integration 
being extended over all positive values which make 

a?-hy' + ^+ 

not greater than unify. 

40. If A,+A,x + A^+ =-F(x), 

and a^+ a^x + ajx? + =/(«)> 

prove that Afi^+ A^a^a? + A^a^* + 

= 2^/] mu) +F{v)} {f(u) +f(v)} de^Afl,, 
where u = a^^i-^^ and v = aje"* V(-i). 

41. If the sum of the series a^+ajX + a^+ can be 

expressed in a finite form, then the sum of the series 

a^ + a'a? + a*x^+ can be expressed by a definite 

integral. Prove this, and hence shew that the sum of 
the squares of the coefficients of the terms of the expan- 
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sion of (1 + a?)* when n is a positive whole ntunher, 
may be expressed by 



42. Prove that 






J, l + a? ""2U + 0^^1 + o4' 

43. Shew that 

IT ft 

I ^ (sin 2a?) COS a? da; = I (cos'a?) cos a? db. 

^iouville*s Journal de MaJthhrnttques^ Vol. XVIII^ 
page 168.) 

44. Shew that i-^ + ^- 



2 f i 

5= - I cos{a?siny) dy. 

45. Prove that 



TT 



n'Bin — 
n 



(See Art. 66 ; and change ^ variable y to u where 
y = ux.) 

46. ^ew that 

/%-^"'^"S'^^^^{ai»sin2^+^cos2dlc& 

^ being comprised between the limits + j . 
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CHAPTER XIIL 



EXPANSION OF FUNCTIONS IN TRIGONOMETRICAL SERIES. 



301. The subject Ve are about to Introduce is one of the 
most remarkable applications of the Integral Calculus, and 
although in an elementary work like the present, only an 
imperfect outline can be given of it, yet on account of the 
novelty of the methods, and the importance of the results, 
even such an outline may be of service to the student. For 
fuller information we may refer to ih^ Differential and Integral 
Calculus of Professor De Morgan. The subject is also fre- 
quently considered in the writings of Poisson, for example, in 
his Traiti de M6canique, Vol. I. pp. 643 — 653 ; in his Traiti 
de la Chaleur; and in different Memoirs in the Journal de 
TEcole Polytechnique. The student may also consult a Me- 
moir by Professor Stokes, in the 8th Vol. of the Cambridge 
Philosophical Transactions, a Memoir by Sir W. Hamilton, in 
the 19tn Vol. 6f the Transactions of the "Royal Irish Academy , 
and a Memoir by Professor Boole, in the 21st Vol. of the same 
Transactions. 

302. It is required to find the values of the m constaxits 
-4j, -4j, jdg,...^^, so that the expression 

A^ sina? + -4^ sln2aj + ^3 sin 3a; + +^^ Anrnx 

may coincide in value with an assigned fimction of x when x 

has the values 6. 20. 3d,... mO. where d = — -^ . 

m + 1 

Let fix) denote the assigned function of a?, then we have 
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by hypothesis the following m equations from which the 
constants are to be determined, 

f{ff)=A^ sin^+^,sin2^ + J3sin3^+ + A^Bmm0, 

f(20) =^jSin2^ + J,sin 4^ +^3 sin 6^ + + A^&m2m0j 



f{md) = A^ sin wi^+-4,sin 2m0 +A^ sin SmO + +A^ smmmd. 

Multiply the first of these ec[uations by sirir^, the second 

by sin2r^, , the last by &mmr0; then add the results. 

The coefficient of -4, on the second side will then be 

sinr^ sins^ + sin2r^ Qm2s0 + + sinwir^ BinmsO; 

we shall now shew that this coefficient is zero if « be different 
from r, and equal to ^ (w + 1) when s is equal to r. 

First suppose 8 different from r. Now twice the above 
coefficient is equal to the series 

cos (r — «) 5 + cos 2 (r — «) ^ +, + cos w (r — «) 0, 

diminished by the series 

cos {r + 8)0-\- cos 2 {r + 8)0 +......+ cos m{r + 8) 0. 

The sum of the first series is known from Trigonometry to 
be equal to 

sm (2m + 1) -^^ — ^ sm ^ — ^ 

« . (r-8)0 ' 

. f/ N ir^8)0l . {r-'8)0 

that is, to -rnrs • 

2smi^ 

This expression vanishes when r — 5 is an odd number, 
and is equal to — 1 when r — « is an even number. 

The sum of the second series can be deduced from that of 
the first by changing the sign of 8 ; hence this sum vanishes 
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when r +« is an odd number, and is equal to — 1 when r-hs 
is an even number. 

Thus when 8 is different from r, the coefficient of -4# is 
zero. 

When 8 is equal to r^ the coefficient becomes 
fiinV5 + sm'2r^ + + sin' 

ihat is, — — i{eos2rd + cos4r^+ + cos 

And by the method already used it wiH be seen that the 
sum of the series of cosines is — 1 ; thus the coefficient of 
Aj,isi{m + 1). 

Hence we obtain 
A=-~-l {8inr^/(5) + sin2r^/(25)+ + Binmr0f{fn9)], 

and thus by giving to r in succession the different integral 
values from 1 to w, the constants are determined. 

Now suppose m to increase indefinitely, then we have 
ultimately 



Ar=— j sin rvf{v) dv. 



And as f{x) now coincides in value with the expression 
-4jSina? + jijSin2a?+ 

for an infinite number of equidistant values of x between 
and w, we may write the result thus 

f(x) = — Sf sin nx [ sin nvfiv) rfv, 

where the symbol 2* indicates a summation to be obtained 
by giving to n every positive integral value, 

303. The iieorem and demonstration of the preceding 
article are due to Lagrange ; we have given this demonstia- 
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tionpartly "because of its historical interest, and partly because 
it afltords an instructive view of the subject. We shall how- 
ever not stop to examine the demonstration closely, but pro- 
ceed at once to the mode of investigation adopted by Poisson. 

304. The following expansion may be obtained by ordi- 
nary Trigonometrical methods, 

, , = 1 + 2A cos —^-5 — ^ 

1 — 2A cos — ^ — - + A 

+ 2A'cos — ^ ^ + 2A"cos — ^-j - + ..., 

h being less than imity, so that the series is convergent. 

Multiply both sides by ^ (v), and integrate with respect to 
V between the limits — I and I; also make h approach to unity 
as its limit. On the right-hand side the diflferent powers of h 
become ultimately unity. The numerator of the fraction on 
the left-hand side will ultimately vanish, and thus the inte- 
gral would vanish if the denominator of the fraction were 
never zero. But if x lies between —I and Z, the term 

IT (V — mJCl 

cos — ^-j — - will become equal to unity during the integra- 
tion, and thus the denominator of the fraction will be (1 — A)', 
and will tend towards zero as h approaches unity. Thus the 
integral will not necessarily vamsh ; we proceed to ascertain 
its value. Let v — x^s^z and h = l—g, thus 

(1 - A*) (v) dv Cg{l + h)<t>{x + z) dz 



r il-h')i]>iv)dv Cg(l + h 

Jl^gAcos'iliHZl^l+A- J / + 



. , .J irz 
1 ^" J 9-r^Bm-^ 



Now the only part of the integral which has any sensible 
value, is that whicn arises from very small positive or nega- 
tive values oizi thus we may put 



. trz irz 



mi 4>{x + z):=^(f>{x); 
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and the integral becomes 

TT ^ gl 

Suppose a and — /8 to be the limits of a ; we thus get 

Hence, finally, when g is supposed to vanish, we have 
2Z^ {x). Thus it X lies between — I and ?, 

^(a?)=2^r ^(v)e?t; + |-2rj <^ (i;) cos ^^ ^^ "" ^^ <fo. 

If however a? = Z or — ?, then the integral on the left- 
hand side has its sensible part when v is indefinitely near to 
I and — Z; we should then have to perform the above process 
in both cases, but the integral with respect to z would only 
extend in the former case from — )8 to 0, and in the latter 
from to a. Hence instead of 2?^ (?) on the left-hand side, 
we should have 

Z^(0 + Z(^(-Q. 

Thus we have determined the value of the right-hand 
member when x lies between I and — Z, both inclusive ; its 
value in other cases will be determined in Art. 311. 

305. In the same way as the result in Art. 304 is found, 
we have, if we integrate between and ?, 

4> (^) = ^J V W dv + \ trjy W cos '''^^y'^ dv (1) J 

this holds if x has any value between and I; but when 
a; = the left-hand member must be J ^ (0), and when a? = Z 
tiie left-hand member must be J^^ (Z). Thus we have deter- 
mined the value of the right-hand member when x lieff 
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between I and — Z, both inclusive ; its value in other cases 
will be determined in Art. 311. 

Similarly 
= ~£^(t;)rft; + iSr/VWcos^^^ ^^^' 

this holds for any value of. a? between and I; but when 
x = the left-hand member must be J ^ (0), and when x = l 
the left-hand member must be J ^ (Z), 

From (1) and (2) by addition 
<l>{x) = ji (f> {v)dv + j^^coa —p I cos-y- <f>{v)dv...{^). 

This holds for any value of x between and Z, both in- 
clusive. 

From (1) and (2) by subtraction 

^(a;) = jS^sin— ^ I sin — p ^ (i/) cZi; (4). 

This holds for any value of x between and I both exclu- 
sive ; and when a? = or Z, the left-hand member should be 
zero. 

Equation (4) coincides with Lagrange's Formula. 

We may observe that either of the formulae (3) and (4) 
may be deduced from the other. Suppose we take (3) and 

write sin -y- ^ (a?) instead of <f> (a?). Thus 



. TTX 

sm-^ 



^ (a?) = J / sin -y- ^ (t?) dv 

. 2 ^« WTraj f * mrv . ^rt; . , . , 
+ y Sj cos -J- I cos —J- sm -p9 (t?) av. 

XT ^TV . TTV 1 . (n + l)wv 1 . (n — l)7n? 
Now cos -y- sm -J- = - sm ^ p am ^ p — ; 

and therefore it will be found that the result may be exhibited 
thus, V, J 
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'JTX 



Bin-y-^(aj) = 

1 ^00 f (n — 1) wa? (n + 1) 7rx\ [^ . nirv , , . , 
J Sj ^cos ^ j^ cos ^ j^ y I . sin ~y <!> {v) dv ; 

, (n — l)waj (w + l)tnc _ . nirx . ttsc 
also cos-^ j^ cos-^ j^ =2sin-Y-sm-y-; 



irx 



and therefore hj division by si^-i- we obtain the for- 
mula (4). 

We will now give some examples. 

306. Expand a; in a series of sines. Take formula (4) of 
Art. 305, and suppose ?= tt; then 



/' 



, vcosnv sm nt; 

n n 



therefore I t? sin wv Ji; = - if » be odd, and if » be even. 

Jo n ' « 

Thus 

05 = 2 {sina — i- sin 2aj + J sin 3aj - J sin 4aj + }. 

This holds for values of x between and tt, and as both 
sides vanish with x it holds when aj = 0; and it is obvious 
that if it holds for any positive value of x it holds for the 
corresponding negative value ; hence it holds for values of x 
between — ir and tt, exclusive of these limiting values. 

307. Expand cos a: In a series of sines. Take formula 
(4) of Art, 305 and suppose 2 ~ tt ; then 

Icosi? sinnt? dv = J /{sin (n + 1) t; + sin (» — 1) v] dv 
, fco8(n4-l)t? . cos(n — l)i; | 



IN TRiaOKOMETRICAL SEBIES. 273 



therefore I cos i; sin nvdv=^0 if w is odd, 

•'o 



therefore 



= -| — - if w IS even ; 



cos a? 



= -•^-sm2a; + r?siii4aj+...H ^^—-■^namnx+...>. 

TT (3 15 w — 1 J 

This holds from 05 = to a; = tt, exclusiye of these limit- 
ing values. 

308. Expand a; in a series of cosines. 

Take formula (3) of Art. 305, and suppose Z = tt ; then 

f y vsinnv coanv 

IV cos nv dv = 1 a — ; 

J n w 

therefore | v cos nv dv ^^ it n be even, and 3 if » be 

Jo ^ 

odd; and 



I 






TT 4 1 1 

thus x= {cos a; + -55 cos 3a! +-=5 cos 5a! + }. 

This holds from a? = to a? = tt both inclusive. 

K we put a; = ^ — y, we obtain the following formula, 

M 

TV IT 

which holds for any value of y between — ~ and - , both in- 
clusive, 

y = - {siny - g5 sin 3y + ^a sin 5j^ - ...}.* 

309. Expand ef^ — e'^ in a series of sines. 

Here (ef^'^ - e*»*) sin nvdv = —j-, — s — ^ cos wtt. 

Jo a' + nr 

T. I. c. 18 
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mi r 7re«*— 6-«* sinaj 2 sin 2a; 3 sin 3a; 
Therefore - r:;z ^- = 75 < — ^^a «+-:^5 ?- — 

310, Expand e« («•-«) + 6-»('^-*J in a series of cosines. 

Here ['{^i'-^) +e'^^''^n cosnt? dv ==^if!^Zi^ • 
Jo ar + rr 

and j {e»(«-*) + e-« (»-•)} d:u = ^ . 

mi !• ^ ^ ^'"*^ + e*^* ('-*^ 1 cos a; cos 2a; 

inerefore 7; — — — =;r-2 + T^ « + ;:a «+ 

2a e^'-e-®'' 2a' 1^ + a* 2*+a 

311. We have shewn that the formula (3) of Art. 305 
holds for any value of x between and I both inclusive ; 
it is easy to determine what the right-hand member is equal 
to when x lies beyond these limits. Suppose x positive, and 
between I and 2Z; putaj = 2Z — a;' so that a;' is less than Z, 
then 



mcx [^ nirx\ 
cos-y- = COS [ 2ii7r j-\ = cos 



rnrx 



therefore the value of the right-hand member is 6 (a;'). Next 
suppose X greater than 2Z; and suppose it equal to 2wi? + a;', 
where x* is less than 2l\ then 



rnrx nirx 

cos -^r- = cos 



^ -wo ^ , 

so that the value is the same as it would be if x were put 
instead of x ; that is, the value is 6 (a;') if x! be less than Z, 
and ^ (2Z — a;') if x be greater than Z. 

It is obvious that for any negative value of x the value is 
the same as for the corresponding positive value. 

Similarly we may shew that if x is positive and = 2mZ+ x\ 
the value of the right-hand side of equation (4) of Art. 305 is 
the same as if x were put instead of a?, and is j> {x') if x' be 
less than Z, and —6 {21 — x') if x' be greater than Z. And for 
negative values 01 x the value is the same numerically as 
for the corresponding positive value, but with an opposite 
sign. 
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312. It may be observed that in the fundamental demon- 
stration of Art. 304, we suppose that when A approaches unity 
as a limit, the expression 

may be replaced by 

19 [v) cos ~ ^ dVf 

however large n may be. We may shew that no error arises 
from this supposition, by proving that the latter integral 
vanishes when n is increased indefinitely. We have 

'jf\ nir (v — x) J, Id) (v) . nTT (v — x) 
<f} [v) cos ^ -av = ^ sm ^-j 



/■ 



Ufrl/ oxu. =- 



\d> (v) sm ^ -dv, 



which shews that the integral on the left-hand side will vanish 
when n is infinite, at least if ^'{v) be not infinite. 

313. We have not yet alluded to one of the most re- 
markable points in connexion with the formulae (3) and (4) of 
Art. 305. In these formulae j> [x] need not be a continuovs 

function; for example, from a; = to x=^a we might have 
j>{x)=f^{x)^ then from x^a to a; = J we might have 
^ Ix) —\ (a?), then from a? = & to x^c we might have 
^ (ic) =^ (a?), then from x — c to x = l we might have 
^ (a;) =y* (a;). The formula (3) for instance would still be 
true for all values of x between and I inclusive, as is evident 
from the mode of demonstration, except for the values where 
the discontinuity occurs. When for example a? = a, then the 
value of the right-hand member would not be j^.(a) orj^(a) 
but i{^ (a) +J^ («)}. If therefore for a; = a we have 
f\ (^) ~J^ Wj *^® lormula holds also when x = a^ 

314. Find an expression which shall be equal to c when 
x lies between and a, and equal to zero when x lies between 
a and I. 

18—2 
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Take formula (3) of Art. 305. Here ^ (t?) = c from t; = 
to t; =s a, and then from v = atov^litiB zero ; thus 

/* TVirv 

j cos -p ^ (v) dv 

, r» nirv J cl . nira 

becomes c I cos -^- cfo = — sm — ?- , 

Jo ? w'T I ^ 

therefore the required expression is 

ca 2c f . 7ra irx - . 27ra 27raj 

+ J sm -y- cos -J- + ...] ; 

this will give Jc when x = a. 

Or we may use formula (4) of Art. 305. Then 

r® . nvir , cl (^ nmr\ 

c\ sm-7-ai; = — 1 — C0S--7-), 

Jo ' ^^V II 

and we have for the required expression 

2c f Tra . TTOJ - 27ra . 27ra5 

— {vers -7- sm ^- +* vers -^— sm -y- 

+ Jvers-j-sm-y- + }; 

this gives when a? = 0, and \c when x^a. 

315. Find an expression which shall he equal to Tex from 

ajs=0 to x=- , and equal to Jc{l-'x) from « = - to aj=?. 
2 2 

Here 
I (t;)cos-^av = l fcv cos -y- av 4- 1 A;(Z-t;)cos— p efo 

a 

A;?' f 1 . n-TT 1 WTT 1\ hr f . . wttN 

= — •{^r-Sm-r-- + -5~C0S -^ a-f + — SmWTT-Sm— -) 

^Z' < 1 . 1 . WTT COS WTT 

TT In 2w 2 wV 

= -5-2 {2 COS — — COS WTT— 1}. 
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4ifcZ* 
This is — -j-5 when w is of the form 47- + 2, and in every 

other case, and 

t 

(f>{v)dv = kj vdv + kj (l—v) dv=^— ; 

thus the required expression is 

M Ski (1 27ra? . 1 Birx . 1 

If we denote this hj y , then from a; = to a? = J^Z both in- 
clusive y = kx, then from x = i^l to x=^l both inclusive 
7/ = k {l — x); for values of x greater than I the values of y 
recur as shewn in Art. 311. Thus the value of y is the 
ordinate of the figure formed bv measuring from the origin 
equal lengths along the axis of a; to the right and left, and 
drawing on each base thus obtained the same isosceles tri- 
angle. 

As another example we may propose the following: 
find a function <f} (x) which shall be equal to x from a? = to 
a; = a, then be equal to a from x=^a to a? = 7r — a, and then 
be equal to tt — a? from a;=7r — a to x^ir. 

The result is 

4 1 . . 1 . . 

<^ (a;) = — {sin a sin 35 + ^ sin 3a sin 3a? + -3 sin 5a sin 5x+ ...} ; 

this is true from a; = to a? = tt both inclusive. 

The student may verify the following examples. 
If a? be numerically less than a the expression 

cos (2n + 1) - 



8a ^ot 



2a 



2« + 1 j 

is equal to a — a? if a? be positive, and a + a; if a? be negative. 
Prove that for values of x between — tt and ir inclusive 
X* TT* co8 2aj co8 3aj . 



— = — — cos X A s- 

4 12 "-"^-^^ 2* 
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This may be obtained from Art, 308 by integration ; or 
from equation (3) of Art. 305. 

316. Other formulae may be given analogous to those in 
Art. 305 ; we will here investigate some. We have from 
Art. 305 

<!> {^) = ^/V W ^v + ] t: /V W cos ^^^^^-^^ dv...{l). 

This holds when x has any value between and I; but 
when aj = the left-hand member must be j^^ (0), and when 
x=^l the left-hand member must be ^<}>{l)» In the same 
manner as this result was obtained we may also prove that 

H i^) = l/V W ^« + ] K /V W cos^Zil§p^rft,...(2). 

This holds when x has any value between and I; but 
when a? = the left-hand member must be ^(0), and.when 
x = l the left-hand member must be ^ (Z). 

Subtract (1) from (2) ; thus 

^H=jy/V(t>)coB (^"-^)j^--'^) cf. (3). 

This holds when x has any value between and I; but 
when a? = the left-hand member must be J^ (0), and when 
x = l the left-hand member must be ^^ {I), 

Now in the same manner as (3) was obtained, we may 
obtain the following result, starting with v-hx instead of 
r — a?, 

^=72, J <f>{v)co&^ '-^ Idv (4). 

This holds when x has anv value between and I; but 
when 0?= the left-hand member must be ^<j> (0), and when 
a? = Z the left-hand member must be — J<^ (Z). 

From (3) and (4) by addition and subtraction we obtain 
,,. 2^00 (2n - 1) TTX r' , , . (2n-l)7n;, ,.. 

4> {^) =7^, cos ^ — 2&~i * (""^ ^^^ ^ — 27^^— ^^-(5), 

./v 2-joo . (2n — 1) Tra? r^, , . . (2n — l)7rv, ,.. 
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These hold when x has any value between and I in- 
clusive, except that when a: = the left-hand member of (6) 
must be 0, and when a; = Z the left-hand member of (5) must 
beO. 

317. We shall apply the formula (5) of the preceding 
article to establish a remarkable theorem first given by John 
Bernoulli. Let there be any curve AB the tangents of -^hich 
at A and B are at right angles ; let the involute of this curve 
be formed beginning at A, and denote it by AG; let the 
involute of -4(7 be formed beginning at C; and so on con- 
tinually; then, the ultimate figure obtained will be a cycloid. 

Let 8 be the length of the arc of the original curve mea- 
sured from A to any point P; let p be the radius of curvature 
at P, and the inclination of the tangent at P to the tangent 
at A. Let p^ be the radius of curvature at the corresponding 
point of the first involute, p, that of the second involute, 
/OL that of the third involute ; and so on. Then expresses 
the inclination of p, p,, p^, ... to the normal of the original 
curve at A; and also expresses the inclination of p^, p^, 
pg, ... to the normal of the original curve at B. Moreover 
Pi> Psi p69 ••• vanish when ^ = 0; and p,, p^, p^, ... vanish 

when ^ = X • 

ds f* 

^Now P = jg > and Pj = « ; thus p^ =1 pd0. 

ft 
Similarly, P%^\ Pi ^^> 



P. 



P4 

and so on. 

Now in formula (5) of the preceding article suppose 
/ =s - ; then since p is some function of 0y we have 
p = -4^ cos ^ + -^3 cos 3^ + -^5 cos 5^ + ... 
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where A^, A^y A^j ... are certain constants determined by that 
formula (5). 

Thus 

p^ = Jj sin 5 + « A^ sin S0 + jA^ sin 5^ + 

p, = -4jCos5 + 5i-43Cos3^ + -5-45COs5^+ 

o o 

p^ = Aj^sm0 + -^^A^smB0 + --iA^Bm50+ 

o o 



Proceeding thus we obtain, when n is indefinitely large, 

p^ = -4jSin^, or p^ = -4iC0stf; 

and these equations represent a cycloid; see Art. 105. 

We may proceed to examine the nature of the result 
when the tangents at the extremities of the original curve 
are not inclined at a right angle. Suppose these tangents 
to be inclined at an angle a ; and put a for Z in the formula 
(5) of the preceding article. Then we have 

, 7r0 , . S'7r0 , bir0 

p = A cos tr- + -4. COS-r— + A^ COS — h ! 

r 1 2a " 2a * 2a * 



and by proceeding in the same way as before we arrive at 

the! result 

, wu 7 • ir0 

p,=:A;cos — , or p, = A;sm — , 

where jfe = -4^ f — j . 

K k were a finite quantity, we should thus obtain an 
epicycloid if a is greater than - , and a hypocycloid in which 
the diameter of the revolving circle is less than the radius of 
the fixed circle if a is greater than J; see Arts. 110 and ill ; 
and this is the usual statement of the results. But it will be 
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observed that h becomes indefinitely great in the former case 
and indefinitely small in the latter case ; so that in the former 
case the radii of the fixed and revolving circles must be sup- 
posed to increase indefinitely, and in the Tatter case to diminish 
indefinitely. 

318. In the formula 

suppose I to increase without limit ; then if ^ {v) be such that 

If' • 1 

the term -^1 <f>{v)dv vanishes with -j we have 

<f>(x)=-j j cosu{V'-x) <j}{v)dudv. 
This is called Fourier's Theorem. 



MISCELLANEOUS EXAMPLES. 
1. Change the order of integration in the expression 

fa /•V(«^-a^ 

<f>{x,y)dxdy. 






2a 



2. Change the order of integration in the expression 

^{x^y)dxdy. 

Jo J '^{iaa—7^ 



re rbx 

3. Transform / / ^{x^y)dxdy into an integral with 

respect to u and v, having given i* = y + a:, y = Mv; 
and determine the limits of the new integral. 

4. Transform / \ ^{x,y)dx dy into an integral with 

■'o •'o 

respect to u and t?, having given y + ca?=«w, y^uv\ 
and determine the limits of the new integral. 
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5. Transform the integral 

jjj{x''tf){y-z){z'-x)dxdyclz 

into one in which u, v, to are the independent varia- 
bles, where 

u* = xyz. - = -+-4.- w^ = a?'\'y' + g^. 
^ ^ V X y z . ^ 

6. Prove that 

Uo ) ^U Jo (i4.a^)» 

where <=aj* and T=f. 

(See Arts. 263 and 66 ; and transform as in Art. 242.) 

7. Prove hy transforming the expression from rectangular 

to polar co-ordinates that me value of the definite 
integral 

Jo Jo 

is equal to ^ y/irFl sin- j^ where jPrsin|j denotes 



complete elliptic function of the first order of which 
sin ~ is the modulus. 

8. Prove that I tan51ogcot^c?^ = j^. 

9. Prove that 

I V^~t V sin (no? + a) db = sin (a + )8) V(^?^^^^ 
10. Shew that 

w 

f ^tan-* {n V(l - tan* a:)} <fe = ^ tan"' n -/a - J cof* ^^iLil^. 

^0 J 2 91 
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11. If/(f) = / I A dOj determine the geometrical 

meaning of the equation y=:a;/(sinaj). 

12. A curve of double curvature revolves round the axis 

of «; shew that the surface generated 

= 27rj^{{ydy + zdzf + (y* + «*) {^dx)\ 
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CHAPTER XIV. 



APPLICATION OF THE INTEGRAL CALCULUS TO QUESTIONS 
OP MEAN VALUE AND PROBABILITY. 



319. We will here give a few simple examples of the 
application of the Integral Calculus to questions relating to 
mean value and to prohcinlity. 

Let ^ [x) denote any function of oj, and suppose x succes- 
sively equal to a, a + A, a + 2A, ... a + (w — 1) A. Then 

^(o) + ^(a + A) + ^(g-f 2A) + ... + ^{a+ (n- 1) A} 
n 

may be said to be the mean or average of the n values which 
^{x) receives corresponding to the n values of x. Let 

J — a = nA, 

then the above m^ean value may be written thus, 

[<^(a)+^(a + A)+^(a4-2A) + ...+^{a+(n-l)A}]A 
J — a 



Suppose a and h to remain fixed and n to increase inde- 
finitely ; then the limit of the above expression is 

<f>{x) dx 



i: 
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This may accordingly be defined to be the mean value of 
(a?) when x varies continuously between a and ft. 

320. As an example we may take the following ques- 
tion; find the mean distance of all points within a circle 
firom a fixed point on the circumference. By this enunciation 
we intend the following process to be performed. Let the 
area of a circle be divided into a large number n of equal 
small areas ; form a flection of which the numerator is the 
sum of the distances of these small areas from a fixed point 
on the circumference, and the denominator is n; then find 
the limit of this firaction when n is infinite. 

Suppose r^, r^, ... r« to denote the respective distances of 
the small areas ; then the firaction required is 

-K+r,+ ...+r,}. 

Multiply both numerator and denominator by rAOAr^ which 
represents the area of a small element (Art. 148), thus the 
fraction becomes 

nr Ad At 

The limit of the denominator will represent the area of the 
circle, that is, ttc^, if c be the radius of the circle. The limit 
of the numerator will be, by the definitions of the Integral 

Calculus, jJT^dOdr, the limits being so taken as to include 

all the elements of area within the boundary of the circle. 
Thus the result is 



f'S. 



2c cos 

r^dOdr 



This will be found to give 7^— . 
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321. The equation to a curve is r = c sin ^ cos 0, find the 
mean length of all the radii vectores drawn at equal angular 
intervals in the first quadrant. 

It easily follows, as in the last article, that the required 
mean length is 



i 



c sin cos d0 



IT 

2 

that is, - . 

Again, suppose the portion of this curve which lies in the 
first quadrant to revolve round the initial line, and thus to 
generate a surface. Let radii vectores be drawn from the ori- 
gin to different points of the surface equably in all directions: 
it is required to find the mean length of the radii vectores. 

The only difficulty in this question lies in apprehending 
clearly what is meant by the words in Italics. Conceive a 
sphencal surface having the origin as centre ; then by equable 
angular distribution of the radii vectores, we mean that they 
are to be so drawn that the number of them which fall upon 
any portion of the spherical smface must be proportional to 
the area of that portion. Now the area of any portion of a 
sphere of radius a is found by integrating 



a^jjsm0d<l)d0 



within proper limits (Art. 175). Hence a^ sin A0 A^ may be 
taken to denote an element of a spherical surface, and 2ira^ is 
the area of half the surface of a sphere. Thus we shall have 
as the required result 



I ja^c sin cos sin d<f> d0 



27ra* * 

the limits being so taken as to extend the integrations over 
the entire surface considered. 
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Hence we obtain 



IT 

r [^ c sin'^e COS 0d<f>d0 



27r 



that is, - • 
o 



322. A large plane area is ruled with parallel equidistant 
lines ; a thin rod, the length of which is less than the distance 
between two consecutive lines, is throwm at hazard on the 
area ; find the probability that the rod will fall across one of 
the lines. 

Let 2a be the distance between two consecutive lines 
and 2c the length of the rod. It is easily seen that we do 
not alter the problem by supposing the centre of the rod 
constrained to fall upon a line drawn between consecutive 
lines of the given system and meeting them at right angles, 
for the proportion of the favourable cases to the whole number 
of cases remains the same after this limitation as before. 

Let the centre of the rod be at a distance x from the nearer 
of the two selected parallels ; then suppose the rod to revolve 
round its centre, and it is obvious that in this position of its 

centre the chance that it crosses the line is r^ , where 
c COS ^ = a?. 

A/y! 

And we may denote by — the chance that the centre of the 

rod falls between the distances x and a; + Aa? from the nearer 
of the two parallels. Thus the chance required will be de- 
noted by the limit of the sum of such quantities as -^ — 
... TT a 

that is, it will be 



— \<l>dx^ 



where cosA = -, 
^ c 
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The limits of a; are and c ; hence the result 



= — / (bsmSdS 



'0 

ira 



EXAMPLES. 



1. If r =/(^ and y =/(-) be the equations to two curves, 

f{0) being a ftinction which vanishes for the values 
6^y O^y and is positive for all values between these 
limits, and if A be the area of the former between the 
limits 0=^0^ and = 0^, and 2f the arithmetical mean 
of all the transverse sections of the solid generated by 
the revolution about the axis of x of the portion of the 
latter curve between the limits x=^ad^ and x=^a0^^ 
shew that 

supposing 0^ greater than ^j. 

2. A ball is fired at random from a gun which is equally 

likely to be presented in any direction in space above 
the horizon; shew that the chance of its reaching 

more than — th of its greatest range is a / f 1 J . 

3. From a point in the circumference of a circular field a 

projectile is thrown at random with a given velocity, 
which is such that the diameter of the field is equal to 
the greatest range of the projectile ; find the chance of 
its falling within the field. 

Besult. i--(V2-lL 
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4. On a table a series of straight lines at equal distances 

fram one another is drawn, and a cube is thrown at 
random on the table. Supposing the diagonal of the 
cube less than the distance oetween consecutive lines, 
find the chance that the cube will rest without cover- 
ing any part of the lines. 

4a 
Result. — , where a is the edge of the cube and c the 

distance of consecutive lines. 

5. Prove that the mean of all the radius-vectors of an 

ellipse, the focus being the origin, is equal to half the 
minor axis, when the lines are drawn at equal angular 
intervals ; and is equal to half the major axis when 
the lines are drawn so that the abscissae of their 
extremities increase uniformly. 

6. An indefinite number of equidistant parallel lines are 

drawn on a plane, and a rod whose length is equal to 
r times the perpendicular distance between two con- 
secutive lines is thrown at random on the plane ; find 
the probability of its falling upon n of the lines. If 

.2 

n =s r = 1, shew that the probability is - . 

T. Two arrows are sticking in a circular target; what is 
the chance that their distanee is greater than the 
radius of the target? 

Se8uU. —, — . 
47r 

8. Supposing the orbits of comets to be equally distributed 

through space, prove that their mean inclination to 
the plane of the ecliptic is the angle si\btended by an 
arc equal to the radius. 

9. A certain territory is bounded by two meridian circles 

and by two parallels of latitude which difier in longi- 
tude and latitude respectively by one degree, and is , 
known to lie within certain limits of latitude ; find the 
probable superficial area. 

T. T. c. 19 
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10. A line ia taken of given length a, and two other lines 

are taken each less than the first line and laid down in 
it at hazard, any one position of either being as likely 
as any other. The lengths of these lines are h and ft'; 
it ia required to find the probability that they shall 
not have a part exceeding c in common. 

Result. ^. r— j± . 

Gamb. Phil. Transactions, Vol. VIII. p. 386. 

11. An indefinitely large plane area is ruled with parallel 

equidistant lines, the distance between consecutive 
lines being c. A closed curve which has no singular 

Joints whose greatest diameter is less than c is thrown 
own on the area. Shew that the chance that the 

curve falls on* one of the lines is — . where I denotes 

. the perimeter of the curve. 

12. A messeneer Jf starts from A towards B (distance a) at 

a rate of v miles per hour, but before he arrives at ^ a 
shower of rain commences at A and at all places occu- 
pying a certain distance z towards, but not reaching 
beyond, B, and moves at the rate of u miles an hour 
' towards A; if Jkf be caught in this shower he will be 
obliged to stop until it is over ; he is also to receive 
for his errand a number of shillings inversely propor- 
tional to the time occupied in it, at the rate of n shil- 
lings for one hour. Supposing the distance z to be 
unknown, as also the time at which the shower com- 
menced, but all events to be equally probable, shew 
that the value of Jf 's expectation is, in shillii^gs, 

w f 1 __ tt u{u-\- v) , u + v ) 
a|2""v ? ^^ u )• 
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CHAPTER XV. 

CALCULUS OF VARIATIONS. 

Maxima and Minima of integrals involving one dependent 
variable with fixed limits. 

323. The theory of maxima and minima values of given 
functions, is fully considered in works on the Differential 
Calculus. If, for example, y denotes any given function of an 
independent variable x^ then we can find the value or values 
of X which make y a maximum or minimum, or we can shew 
that there are no such values in some cases. 

We are now however about to consider a new class of 
maxima and minima problems. Let y denote a function of x 
which is at present undetermined; and let F denote a given 

function of x, y, -j- ^ ^ ,.*... Suppose we wish to find the 
relation which must hold between x and y in order that the 
integral I Vdx^ taken between given limits, may have a maxi- 
mum or minimum value. We cannot here effect the integra- 
tion because y is not known as a fimction of a?, and therefore 
Fis not known as a function of oj; thus the ordinary methods 
of solving maxima and minima problems do not apply. We 
require then a new method, which we shall now proceed to 
explain. 

324. The department of analysis to which we are about 
to introduce the student is called toe Calculus of Variations; 
its object is to find the maxima or minima values of inte- 
gral expressions, the expressions being supposed to vary by 

19—2 



292 CALCULUS OF YABIATIONS. 

assi^ing different forms to the functions denoted by the de- 
pendent variables. It will be seen, as we proceed, that the 
method of finding these maxima or minima valaes is analogous 
to that of finding ordinary maxima or minima values by the 
Differential Calculus. 

325. It will be useful to recur to the method given in 
the Differential Calculus. The student will remember that 
the terms maasimum and minimum are technical terms, which 
are defined and illustrated in treatises on the Differential Cal- 
culus ; and they are used in mathematics in the sense there 
assigned to them. Mistakes are frequently made by con- 
founding a maximum vcdvs in the technical sense of the word 
maximum, with the greatest value in the ordinary sense of 
the word greatest. 

Suppose y a ^ven function of an independent variable a;; 
then if an indefinitely small change is given to a?, in general 
an indefinitely small change is consequently given to y, which 
is comparable in magnitude with that given to x. The pro- 
cess of finding a maximum or minimum value of y may be 
said to consist of two parts. First we determine such a value 
of X that an indefinitely small change in it does not produce 
iny a comparable indefinitely small change, but a change which 
is mdefinitely small compared with that of x. In the second 
place, we examine the sign of this indefinitely small change 
which is produced in y by the change oix\ and for a maxi- 
mum this sign is to be necessarily negative, and for a mini- 
mum positive. 

We may therefore describe this process briefly thus; we 
make the terms of the first ordeif in the change of the depen- 
dent variable vanish, and we examine the sign of the terms 
of the second order. We shall pursue a similar method 
with the problem which we have now to discuss; we confine 
ourselves, however, at present entirelv to the first part of the 
process, and shall hereafter recur to the second part. 

326. We have first to explain the notation which will 
be used. Let x denote an independent variable, y any func- 
tion of a?, and -^ , ^ , ... the differential coefficients of y 



CALCULUS. OF VABIATI05S. ^3 

with respect to x. We shall use Sy to denote an indefinitely 
small quantity which may be any function of x ; and if u 
denote any quantity whatever which depends on y we shall 
denote by ou the increment which u receives when y is changed 
intojf +Sy. Thus, for example, consider the^ differential co- 
efficient —• ; when y receives the increment Sy this differen- 
tial coefficient receives th« increment -—^ , so that by 8 -^ 

dx ' ^ dx 

we mean -^ . It is often convenient to use the symbol p 

for ~- ; and so also 8p is a convenient symbol for -^ . 

Again, consider the second differential coefficient -^4; when 
y receives the increment By this second differential coefficient 
receives the increment -^-f-> and as the second differential 
coefficient is often denoted by q we may conveniently use Sq 
for -TT- • Similarly r and a may be used for the third and 
fourth differential coefficients of y respectively, and Sr and & for 
-j-j and -rj- respectively ; and. so on» 

The differential coefficients are also often denoted bv 
?/, y, y"'y ... ; and thus By', By\ By'\ ... may be used as equi- 
valent to Sp, iq, Sr, ... respectively. 

327. The introduction of the symbol S is due to La-> 
grange. The student will see that this symbol resembles in 
meaning the symbol d, which is used in the Differential Cal- 
culus, ^oth dy and iy express indefinitely small increments; 
dy however is generally used to denote the change in value of 
a given function consequent upon a change in the value of the 
dependent variable, hy is used to denote the change made by 
ascribing an arbitrary change to the form of a function. The 
quantity denoted by hy is called the variation of y« 
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328. Let F denote a given function of a;,y, ^ , ^ , ... ; 
and let ?7= I Vdx^ where x^ and x^ are supposed to denote 

J x^ 
ffiven limits. The value of U cannot be found so long as we 
do not know what particular function y is of a; ; but without 
knowing this we are able to obtain an expression for the 
increment made in U by ascribing the arbitrary increment 8y 
to y, from which important inferences can be drawn. 

Suppose r= <!> (oj, y, y', y", y'", ...) ; 

then by definition 

sr=^(«,y+«i^, y'+sy, f+Sy", y+v",...) 

-•AKy.y'.y.y'".— )• 

The first term may be expanded hj the ordinary exten- 
sion of Taylor's theorem ; thus 

dV 
where -r- is the partial differential coefficient of V with 

^ dV. 

respect to y, also -tt is the partial differential coefficient of V 

with respect to y' ; and so on. 

In the above expression for hVwe have onlv expressed 
terms of the first order ^ that is, we have omitted the terms of 
the second and higher orders with respect to the small quan- 
tities Sy, %',.... This we shall continue to do throughout the 
remainder of the investigation. 

Then 

iU=\''hVdx 
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We shall now transform this expression by integration by 
parts. For shortness put 

dV^j^ dV__ dV_ dV_ 
^"" ' dy'" ' W^ ^"^'••• 

Then l^y^^lP^dx^F^y-^^hfdx; 

therefore l^'Piy'dx = {P^\ - (i%), - f^' ^hy dx. 

Here (i%), is used to denote the value of J% when o^is 
put for a;, ana (i%)o is used to denote the value of i% 
when x^ is put for a? ; a similar notation will be used through- 
out. It is to be carefully observed that -r- means the com- 
plete differential coefficient of P with respect to x. that is to 

. dP 
say, in forming -^ we are to remember that y and its differen- 
tial coefficients all involve x implicitly. 
Again 

therefore 

/>v^-(«S-S^).-(«t-2H 

Similarly 

/ „ d*ly dR diy d}R^\ [»i^B^ , 
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This process may be continued until all the symbols 
Sy, hy\ 07/'", Sy"", ...are brought from under the integral 
sign. It is to hd observed that all the differential coefficients 
dQ d'Q dR d'B d'S . ,.^ ^ , ^ . . 

~T' ' "S? ' 'd~^ T^ ' d^ *^ complete dinerential coefficients. 

Hence finally 

+ 

Here we have adopted some obvious simplifications of nota- 
tion; thus we use Sy^ for (Sy)^, and Sp^ for (-r^) , and 
so on. 

329. The value of SCTmay be denoted thus, 

J 9o 

where H^ denotes a certain aggregate of terms in which x^ is 
put for Xy and H^ a similar aggregate of terms in which x^ is 
put for x ; these aggregates do not involve anj integrations. 
Also 

dP cTQ d'B 
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Since H^—H^ inrolveg only the values of the variables at 
the limits^ we shall sometimes speak of H^— H^ as the terms^ ai 
the limits. 

330. We can now detennine the conditions that must 
hold in order that U may have a maximum or minimum 
value. For, in order that Umaj have a maximum or mini- 
mum value, SUmwat vanish, whatever Sy may be, provided 
only that it is an indefinitely small quantity. This requires 
that 

jS:=0 andSi~5; = 0. 

For if K is not always zero, it will be in our power to give 
such a value to By as will make S expositive or negative at 
our pleasure, and not zero. Suppose, for example, that the 
highest difierential coefficient of oy which occurs in -BT,— -B"^ ia 
the n^\ Put Sy = a (a? — x^)*" {x — a?^)**,, where a is a function 
of X which is indefinitely small, and is at present undeter- 
mined. Then this value of Sy makes H^ — H^ vanish, so that 

$£/* reduces to f Khydx. Now take a such that it is always 

positive when K is positive, and negative when K ia nega- 
tive; then S?7is necessarily positive. And if the sign of a be 
changed, SZ7 is necessarily negative. Thus if K is not 
always zero, it is in our power so to take hy as to make h U 
positive or negative at our pleasure^ 

Hence for a maximum or minimum value of U we must 
have jK'=0 ; and then t KBydx vanishes, and therefore also 
JQ^-Simust = 0. 

331. The student has now become acquainted with the 
essential features of the Calculus of Variations; these are 

(1) the reduction of iU \o the form -5^ — 5^-f| KBydx, 

(2) the principle that -K'must vanish in order that ?7may be 
a maximum or minimum. Although the subject admits of 
considerable development, by various extensions of the prob- 
lem we have* considered, still the twO' results we have already 
obtained are the chief resultsw 
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332. We now proceed to examine more closely the 
nature of the two conditions 

K=0 and H^-H^^O. 

The equation jK'=0 is what is called a differential equa- 

lion. Suppose that -y^ is the highest differential coefficient 

which occurs in F; then this will in general occur in U also, 

and therefore in -7-^ the differential coefficient —-, will 
da? ^ dx^ 

occur, and this will be the highest differential coefficient which 
occurs in X, so that the differential equation ^=0 will be of 
the sixth order. And in general the order of the differential 
equation is twice the order of the highest differential coeffici- 
ent which occurs in F. 

It is shewn in treatises on Differential Equations that the 
solution of a differential equation involves as many arbitrary 
constants as the number wnich expresses the order of the dif- 
ferential equation. We must now shew how the arbitrary 
constants which arise from the solution of the equation K=^ 
are to be determined, so that a definite result may be ob- 
tained. The condition ff^-^H^^O serves for this purpose. 
Two cases may arise. 

(1) Suppose that no conditions are imposed by the prob- 
lem on the values of y and its differential coefficients at the 
limits of the integration ; then Sy^, Sy^, Sp^, Sp^,... are all arbi- 
trary quantities, that is, we have it in our power to suppose 
any indefinitely small values we please for these quantities; 
for example, we may suppose that as many of them as we 
please are zero. Since Sy^Sy^, Sp^, Sp^,... are thus all arbi- 
trary, in order that H^ — ^^ may certainly vanish, the coeffi- 
cient of each of the arbitrary quantities must vanish. This 
furnishes for determining the constants as many equations as 
there are constants. 

(2) Suppose that conditions are imposed by the problem 
upon the vsdues of y and its differential coefficients at the 
limits of the integration; then hy^, Sy^,, ^j, 8p^,... are not all 
arbitrary, for some of them can be expressea in terms of the 
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rest by means of the given conditions. Let as many as pos- 
sible of the quantities Sy^, Sy^, Sp^y Spo,.*« be eliminated from 
H^'-H^y and then the coeflScients of those which remain must 
be equated to zero. The equations thus obtained, together 
with those which express the given conditions, will form a 
system equal in number to the number of constants, and 
therefore will serve to determine those constants. 

333. The principal difficulty in examples consists in the 
solution of the differential equation K= 0, and this difficulty 
is frequently insuperable. 

We will now shew that when Fdoes not explicitly con- 
tain the independent variable, one step in the solution of the 
differential equation can always be taken. It will be suf- 
ficient for practical purposes to confine ourselves to the case in 
which V involves no differential coefficient of y higher than 
the third. 

Since Fis supposed not to involve x explicitly, we have 
for the complete differential coefficient of V 

%Jb%Jv fJv*J(/ iJbiC UfJU UnJL- 

And by supposition 



^ ^ dx^ da? dx' ^^^• 



Thus 



dV^dPdy ^ pdp d*Qdy dq d'Sdy dr 
dx dx dx dx da? dx dx da? dx dx' 



Now 



dx dx dx dx dx' 



^dy_^dq^£(dQ^_^d^) 
da? dx dx dx\e^dx da?)' 

dy jfdr _ d (cPR dy _ dB d'y p<^y) 
dx dx~ dx \da? dx dx da? dx') ' 



da? 
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Hence, by integration, 

dx dx dx da^ da? dx dx da? da? ^ ^' 

where C is an arbitrary constant. . The highest differential 

coefficient that can occur in (2) is -v^ which occurs in -j-^ ; 

thus (2) is a differential equation of the fifth order, which is 
a first integral of the equation (1) which is of the sixth order. 
Particular cases may be obtained by supposing 5 or ^orP to 
be zero. For example, the most useful case is that in which V 

involves only y and ^; so that (I) becomes 

and (2) becomes 

dx 

334. The differential equation jE'= is also susceptible 
of one integration when V does not contain the dependent 
variable. For then N=0, and the equation becomes 

dx da?'^dx'' •••'■' 
and therefore 

dx da? 

335. We know that I F<fo= I ^5"^^' supposing the 

limits of the integration with respect to y taken to corre- 
spond to those of the integration with respect to x. And the 
differential coefficients of y with respect to x may be expressed 
in terms of the differential coefficients of x with respect to y. 

r dx 

Thus in I F-y- dy we may regard y as the independent vari- 
able, and X as the dependent variable, and proceed to find 
the maximum or minimum value of the integral in this new 
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fonn. We may feel a priori certain, as the problem is really 
not changed by this change of the independent variable, that 
we shall obtain the sieime result as if we had left the original 
independent variable. 

Hence the cases considered in Arts. 333 and 334 may be 
seen to coincide. 

336. Again, let us suppose that V involves only p and 
q. Then the differential equation K^ reduces to 

dx dbf ' 
therefore, by integration^ 

Also ^=P^+C^ 

dx dx dx 

therefore, by integration, 

V=^Qq^C,p + C^. 

Here C^ and (7, are arbitrary constants. In this case the 
differential equation -£"= is of the fourth order, and the 
result we have obtained is a differential equation of the second 
order ; so that we have effected two steps in the integration 
of the differential equation f = 0. 

337. We shall now proceed to consider some examples ; 
as we have already intimated we confine ourselves entirely to 
the first part of the process for finding maxima and minima 
values ; see Art. 325. 

338. To find the shortest line between two points. 

This example is introduced merely for the purpose of 
illustrating the formulas, as it is obvious that the result must 
be the straight line joining the two points. 
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Here F=V(1+/) and U= f'^ {l+f)dx. 

Thus V involves only ^, and the equation K^O reduces to 

-y- = ; thus P must be a constant, that is, -n~- — sr must 
dx ' ^ ' ' V (1 +/) 

be a constant. This shews that p must be a constant, and 
therefore the required curve must De a straight line. 

In this case JT -5' = ^'^^ - ^^'^' 
m this case i/, i/, ^^^^^^^ ^(1+p:)' 

If now the two points are fixed points, we have hy^ = and 
Sy^j = ; thus H^ — H vanishes. Then the value of jo must be 
found from the condition that the straight line must pass 
through the two fixed points. 

Suppose however that the ordinates of the two points are 
not fixed ; the abscissce are fixed because a;^ and x^ are taken 
to be invariable. In this case Si/^ and St/^ are arbitrary ; and 
therefore J3i — H^ will not necessarily vanish unless the coeffi- 
cients of Sy. and Sy^ vanish. This requires that p^ and p^^ 
should vanisn, and as jp is a constant by supposition this con- 
stant must be zero. Thus our formulas are consistent with 
the obvious fact, that when two lines are parallel the shortest 
distance between them is obtained by drawing a line perpen- 
dicular to them both. 

339. To find the curve of quickest descent from one 
given point to another. 

The following is a fuller statement of the meaning of this 
problem. Suppose an indefinitely thin smooth tube connecting 
the two points, and a heavy particle to slide down this tube ; 
we require to know the form of the tube in order that the 
time of descent may be a minimum. The problem is known 
by the name of the Irachistochrone / it was first proposed by 
John Bernoulli in 1696, and gave rise to the Calculus of 
Variations. 

We shall assume that the required curve lies in the ver- 
tical plane which contains the two given points. Let the axis 
of y be measured vertically downwards, and take the axis of 
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X to pass through the upper given point. The particle is 
supposed to start from rest, and then by the principles of 
mechanics the velocity at the depth y is \/{2gy). Thus the 

time of descent is / — tt^tn ^« We may then take 

Here V involves only y and p ; so that, by Art. 333, for 
a minimum we must have 

thatis, ^^ii±^= „ / .,, + g; 

Vy V{y(i+/)r ' 

therefore ., ,, , — 577= G. 

Hence y (I +^*) = a constant = 2a suppose ; 
therefore p' — — ; 

^ y 

therefore = f 1 = ^ * 

therefore x=^a vere"' - — V (2ay —J^) + i, where 5 is another 

CL 

constant. 

This shews that the required curve is a cycloid with its 
base horizontal, its vertex downwards, and a cusp at the 
upper point. We may suppose the origin at the upper point 
80 that x^ = 0, and then J = 0. 

_ r p8y 1 _ r piy 1 
' LV{y(i+/)lJ. Lv{y(i+/)Uo 

both the extreme poi 
vanish, and'therefore H^ — H^ vanishes. 



Here H^-H^ 



As we suppose both^he extreme points fixed Sy^ and hy^ 
' ' nd 1' " 
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The constant a must be detennined by the condition liat 
the cycloid shall pass through the lower given point. 

Suppose however tjiat only the abscissa of the lower point 
is given, and not the ordinate. Then, as before, H^ vanishes, 

and jETj = %^ - Now Sjr^ is arbitrary, so that in order that 

H^ may vanish, we must have p^ = 0; thus the tangent to the 
cycloid at the lower limiting pomt must be horizontal. This 
condition must be used in this case to determine the con- 
stant a. 

340. We may modify the precedinff problem by sup- 
posing that the particle does not start irom rest, but starts 
with an assigned velocity. In this case we will suppose that 
the axis of x is not drawn through the upper point, but is so 
taken that the velocity at starting is that which would be 
gained in falling from the axis of a; to the upper fixed point. 
The solution remains as before; the cusp oi the cycloid is 
however no longer at the upper fixed point, but in the axis 
of X. 

341. To find the curve connecting two fixed points such 
that the area between the curve, its evolute, and the radii of 
curvature at its extremities may be a minimum. 

By Art. 159 the expression which is to be made a mini- 
mum is 

Here V involves only p and q; and therefore, hj Art. 336, 
for a minimum we must have • 

r=Qq + G,p+C„ 
thatis. (l±^._(i^j + C7^ + (7.; 

therefore %±^Ii = 2. 
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By integration 

C.tan>+^j^ = 4x+C; (1). 

Also (gy+<7.j>)g 

therefore by integration, 

(7jtan"'^ ^^---i-* = 4y + constant; 

add (7, to both sides of this equation, iind, we hare 

Citan>+^l^|^ = 4y+Ci (2). 

Eliminate tan"*^ from (1) and (2) ; thus 

therefore V(l +p») - ^^^cf^^x + B) * 

where B is such that 4JB= C^- (7,(7,. 

Let 8 denote the length of the arc of the curve measured 
from a fixed point; then, by integrating the last equation, we 
have 

8+G=^^{Gj/^G,x + E). 

This shews that the required curve is a cycloid; see Art. 72. - 

We must now examine the expression ff^^JB'^; we have 






As the extreme points are supposed fixed, ^, and 8y^ 
Vanish; thus 

T. I. c. 20 
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Suppose we impose the condition that the tangents to the 
Tecjuired curve are to have fixed directions at the extreme 
pomts; then iSp^ and Sp^^ vanish, and H^ — H^ vanishes. In 
this case the cycloid must be detennined from the conditions 
that it is to pass through two given points, and its tangents 
are to have fixed directions at these points. 

If, however, no condition is imposed on the values oip at 
the limits, we must have ^, = and Qo = 0, in order that 

H^ — Hq may vanish. Now C = — ^ — ^"^ » ^^^ *^® radius of 

curvature = - — ^-^ . Thus the radius of curvature must 

vanislj at the extreme points, that is, the cycloid must have 
cusps at those points. 

342. To find the form of a solid of revolution, that the 
resistance on moving through a fluid in the direction of its 
axis may T)e a minimum, adopting the usual theory of re- 
sistance. 

Take the axis of x as the axis of revolution. Then adopt- 
ing the theory of resistance which is explained in works on 
Hydrodynamics, the expression which is to be a minimum is 



/* 



i+p' 



■idx. 



Here F involves only y asAp, and therefore by Art. 333, 
for a minimiun we must have 

that is. j^=,^^^(7; 

therefore .^^,., + ^=0. 

This is a differential equation for determining the required, 
curve. 
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Integrals with limits subject to variation. 

343. We have now sufficiently explained and illustrated 
tlie method of finding the maximum or minimum value of an 
integral expression involving one independent variable, when 
the limits of the integration are supposed invariable. We 
shall proceed to some extensions of the problem; and we 
be^n bv considering the modification which arises from sup- 
posing the limits of the integration variable. 

Suppose, for example, that we have two given curves in 
one vertical plane, and that we wish to find the curve of 
quickest descent from one of these curves to the other, the. 
particle starting with the velocity obtained in falling from a 
given horizontal line. Here we have to find the point at 
which the particle is to leave the upper curve, and the point 
of the lower curve towards which it is to proceed, as wwl as 
the path which it is to describe. We have therefore to effect 
more than in the examples hitherto considered, and we shall 
now explain how we may proceed. 

We know, from what has been already given, that the 
curve must be a cycloid with its base horizontal and a cusp 
on the given horizontal line. For suppose any other curve 
drawn from any point in the upper curve to any point in the 
lower; this curve cannot be that of minimum time, for we 
know that, without changing the extreme points, we can 
find a curve of less time of descent than this curve, namely a 
cycloid with its base horizontal, and a cusp on the given hori- 
zontal line. Since then we know that the reqmred curve 
must be such a cycloid, the part of the problem which depends 
on the Calculus of Variations may be considered solved ; and 
we may investigate, by the ordinary rules for maxima and 
minima, the position of the particular cycloid for which the 
time is a minimum. In fact, taking any arbitrarv initial and 
final points, we may find the equation to the cycloid passing 
through these points ; then the time of descent will become 
a known function of the co-ordinates of the initial and final 
points, and we may determine for what values of these co-or- 
dinates the time is a minimum. 

20—2 
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344. We have shewn in the preceding article that it is 
not absolutely necessary to make any modification in our for- 
mulsB in order to include the case in which the limits of the 
integration are supposed to be susceptible of change ; for the 
process already given, combined with the ordinary rules of 
the Diflferential Calculus, would enable us to solve anv ex- 
ample. It is however convenient to bring together all that is 
wanted for solving such examples, and accordingly we shall 
now supply the requisite modification of our original for- 
mulae. As before, let 

Suppose that in addition to the change of y into y + Sy 
the limits x^ and x^ are changed into x^ + dx. and x^ + dx^ 
respectively. In consequence of this change of limits U re- 
ceives the mcrement 



/ F(&- Vdx, 



that is, neglecting squares and higher powers of dx^ and cir^, 
ET receives the increment 

V,dx,^V,dx,. 

If we annex this to the expression already given for 5J7, we 
shall obtain the complete change in U consequent upon the 
variation of y, and the change of the limits. 

345. If no condition is imposed upon the limiting values 
of the co-ordinates, the additional terms just obtained, 

V^dx^" V^dx^, 

can only be made to vanish necessarily by supposing F^ = 
and 1^ = 0. We thus introduce two new equations in ad- 
dition to those which are obtained from J7j — 5^ = 0; and at 
the same time we have two new quantities to determine, 
namely, x^ and x^. However, a more common case is that in 
which the limiting values have to satisfy given equations. 
Such a case we have already iijidicated in Art 343, where a> 
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curve IS required, the extreme points of which ar6 to lie on 
given curves. 

We will consider that limit of the integration for which 
the quantities are distinguished by the subscript 1. Let 

then if there had been no change of the limit, the extreme 
values of the variables would have been aj^ and y^ before 
variation, and x^ and Y^ after variation. If however x^ is 
changed into x^ + dx^y we have Y^ changed into 

{rH.g.&.+ig:(&j.+..|. 

that is, neglecting squares and higher powers of dx^ we have 
Y^ changed into ^i+ ( t" ) dx^y ^^^ is? neglecting the product 

hp^dx^y into yi + Syi+(;T^) dx^. Supposing then that the 

given relation which is to be satisfied by the extreme 
values is 

we must have Jfi=='^ (^i)> 

and also 

to the first order. Thus 



syx={f'(«')-|}^d^.. 



This gives a relation between Sy^ and dx.y so that we can 
eliminate one of them from the complete value of S27. 

Similarly, the relation can be found between By^ and dx^. 



In geometrical problems ( ^ j is the tangent of the incli- 
nation to the axis of x of the line which touches the required 
curve at the limiting point; and '^\x^ i9 the tangent of the 
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inclination to the axis of x of the line which touches the 
ffiven curve at that point. 

A particular case may be noticed which is sometimes use- 
ful. Suppose the complete change of y^ is to be zero ; this 

gives S^i+f;^) clx^==0; similarly if the complete change 
of y^ is to be zero, Si/^+ {-j-\ dx^ = 0. 

346. Let us now consider the case of the brachistochrone 
problem which has been enunciated in Art. 343. 
Let the notation be as in Art. 339. Then 

As before from the equation N— -r- = we deduce 

V{y(i +!>•)} =V(2a); 

thus ZU= FA.- V,ax,+ ^ {{p^),- (i>8y).}. 

Let us suppose that the equation to the fixed curve from 
which the particle is to start is Y—X (-^)» *^^ *^^* *^^ equa- 
tion to the fixed curve at which the particle is to arrive is 
F= -^ (X). Then by the preceding article we have 

Thus the value of StTcan be put in the form 
where ^ = ^. + v§^ {^'(*^ " aI 
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and similarly 

Since dx^ and dx^ are arbitrary, SU will not necessarily 
vanish unless \ = and \ = 0. Thus 

1 + Pxt>i)=0 and l+i?oXf(^o) = 0; 

and this shews that the cycloid must cut each of the two 
fixed curves at right angles* 

347. We have hitherto tacitly assumed that the fanction 
Fdoes not involve the limitinff values of the variables or of 
the differential coefficients. Suppose now however that V 
does involve x^, a?^, y^, y„ jp^,^^, .... 

(1) Suppose that x^ and x^ are not susceptible of any 
change. When y is changed into y 4- Sy, besides the varia- 
tion we have already investigated, V will receive an addi- 
tional variation arising from the change in y^, Jij ••• which 
occur explicitly in K These additional terms in o F are 

and consequenily the following additional terms occur in 

Now Sy^f ^i» %^o> ^^> ... are not functions of the variable 
X, but only of the limiting values of a? ; we may therefore 
bring these quantities outside the integral sign and write the 
additional terms thus, 

Now the occurrence of these additional terms will not 
affect the reasoning by which it is shewn in Art. 330 that we 
must have K==0 in order that U may be a maximum or 
minimum. These additional tenns^ must be annexed to the 



where 
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expression H^ — H^y and the whole then ma4e to vanish. 
Since the relation between ijp and y is supposed to be found 
from the equatioil ir= 0, the expressions under the integral 
signs in these additional terms become definite functions of a?, 
80 that the integrations which are indicated can be effected, 
at least theoreticallj. 

(2) Suppose that x^ and x^ are also changed, and let 
them become x^-^-dx and a?j + cfccj respectively. Then V 
receives the additional increment- 

^— and -T- 'indicate complete differential coeffici- 
ents ; that is to say, we are to remember that x^ occurs impli- 
citly in yo>i^o» •••« ^^^ similarly for a?^. 

Thus besides the additional terms we have abeady given 
S?7 receives the increment 

and this expression must be annexed to the aggregate formed 
of jE^ — JS^ and the additional terms already given. 

348. For an example we will take another modification 
of the brachistochrone problem. Suppose two given curves 
in the same vertical plane, and let it be required to find the 
curve of quickest descent from one of these to the other, the 
motion commencing at the first curve. 

Let the axis of y be measured vertically downwards; 
let y^<be the ordinate of the starting point, then when the 
ordinate is y the velocity is ^/{2g (y — yoj}- 

Thus we may take 

•'*bV(y-yo) 
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We have then to change y into y — y in the solution of 
Art. 346, and to add to the expression tnere given for hU 
the terms found in Article 347. 

Here F= ^^ J^ '. ; so that y^ is the only limiting value 

which occurs in F. We are therefore to add to the former 
value o{ SU 

and m^^m. 

Hence by Art. 346, after putting K=0,we have 

where \ and \ have the values assigned in Art. 346. 
Now in the present case 

dtf, dy dx' 

therefore [''^dx = F,-P,=^^j^; 

and Sy. + {^ dx^ = x'(».) dx^ as in Art. 346. 

Thus Si7=Var,-\efo. + ^(p,-pJ(fo; 

Then by ecjuating to zero the coefficients of daj^ and dx^ 
we have 

l+i?,f'(i»i) = and l+i>,x(aJo) = 0, 

so that ' ^ X'(«o)=^'(«i)*- 
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Thus ihe cycloid cuts the lower fixed curve at right 
angles, and the tangent to the upper fixed curve at the 
initial point is parallel to the tangent to the lower fixed curve 
at the final point. 

Integrals with two dependent variables* 

349. We have hitherto supposed that F is a function 
with only one dependent variable; let us now suppose that V 
is a function of two dependent variables. 

Let F be a function of x^ y^ Zj and the differential co- 
efficients of y and e with respect to a;; let 






*0 

and let us investigate the variation in the value of U when y 
and z receive variations. 

By proceeding as in Art. 328 we shall obtain the follow- 
ing result, 

where the symbols have the following meanings ; 

Sy, as before, denotes an arbitrary variation given to y, that is, 

Sy is an indefinitely small arbitrary function of x\ 

Ky as before^ denotes 

dy dx dy da? dy'* **'* 
where -r-, ^-7, -7-77 >••• are partial differential coefficients, 

*^^ ^ /7^ » 7a? TT/' j ••• ^"^ complete differential coefficients 

relative too?; 

hz is an arbitrary variation given to Zj that is, hz is an in* 

definitely small arbitrary function of a; ; 

L is relatively to z the same as K relatively to y, that is, 

dz , dx dz' da? dz" **** ^ . 
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i^ — -H^ had the meaning ahready given, and e7^— J^ is rela- 
tively to z the same as J3^ — J3^ relatively to y. 

350. We now proceed to find a maximum or minimmn 
value of Z7on the suppositions of the preceding article. 

(1) If y and z are independent, in order that hU may 
certainly vanish we must have 

K=^0 andi = 0; 

and also JT^ --3^^ + /^ - e7^ = 0. 

The values of y and z in terms of x must be found by 
solving the differential equations ^ = 0, i = ; and the 
arbitrarj^ constants which occur in these solutions must be 
determined by equating to zero the coefficients of the arbitrary 

quantities Sy^,, Sy^, (h ~\ ,...S;5^, ^, [S ^j ,..• which occur 

ins;-s;+j;-j;. 

(2) Suppose however that y and z are not independent, 
but that they are connected by the relation <l> {x, y, z) = 0, 
which is always to hold. Since this relation is supposed to 
hold always, we have also 

<l>{x,y + ^y,z + Sz) = 0; 

and therefore ultimately 

Thus the integral I \KBy + LBz)dx becomes 

J JPQ 



K M 



dz 

and in order that this maj vanish we hare the single con- 
dition 

s: L 

^ *^' 
dy dn 
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and from this differential equation combined with ^ (a:,y, z) =0, 
we must find y and z. 

Aa before^ we must also have 

351. For an example we take the following problem ; to 
determine a line of minimum length on a given curved surface^ 
between two given points. 

Here we have 

thus ^=-^^(i+y«+^^.). -^ = "'^V(i+y'"+0^ 

let ^ {xy y, £;) = be the equation to the surface on which the 
line lies. Then by the preceding article we have, as the con- 
dition for a minimum, 

d y' d z* 

cfe V(l+y' + _ <fa V(l+y'+g'') 

dy dz 

Let 8 represent the length of the arc of the curve ; then 

V(l +y" + O ds' ^'^ V{1 +y''+ O " * * 
Thus the above equation may be written 
d^ ^ 

i2l = £l (ly 

d^ d<l> 
dy dz 
From this we may conjecture by symmetry that each of 
these fractions is equal to 

d'jc 
ds' 



dx 
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and this we can prove; for from (1) each of the fractious by 
a known theorem of algebra is equal to 

rfy d*y dz d^z 
d^d^'^Ts'df 
dy d^ dz d<}>^ 
ds dy ds dz 

and since the equation <{> (a?, y, ») = holds for every point of 
the curve, we have 

d<f> dx d<j> dy d4> dz ^ 
^ ds dy ds dz ds ' 

also by a known theorem 

dx d^x dy d^y dz d\^ 
d^W^d^W'^di'd^^^' 

Hence a line of minimum length is determined by the 
symmetrical equations 

d^x d^y d^z 
'dP_W _d? 

d^^'^^d^ • ^^^* 

dx dy dz 

It is proved in works on Geometry of Three Dimensions 
that the equations (2) shew that the osculating plane at any 
point of the curve contains the normal to the surface at that 
point. 

Relative Maxima and Minima. 

352. A class of problems still remains to be considered^ 
called problems of relative maxima and minima values. Sup- 
pose we rejjuire that a certain integral U shall have a maxi- 
mum or minimum value while another integral TF", involving 
the same variables, has a constant value; for example,, 
we may require a curve which shall include a minimum area ' 
imder a given perimeter. Here we do not require that BU 
shall always vanish, but only that it shall vanish for such re- ; 
lations among the variables as give a defiiiite constant value 
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to W; that is in fact, we require that hU shall vanish for 
all such relations among the variables as make B W vanish. 

The problem is solved by finding a maximum or minimum 
value of J7+aTr, where a denotes a constant; for in this 
solution we ensure that S?7+ aSTT necessarily vanishes, and 
therefore ZU must vanish whenever iW does. The constant 
a occurs in the solution, and its value must be determined by 
making the integral W have the constant value which is 
supposed given. 

If we require that W shall be a maximum or minimum 
while U remains constant, we shall in the same way proceed 
to find the maximum or minimum of W-k-hU^ where 5 is a 

constant ; and if we suppose 5 = - , we obtain the expression 

- {U+aW). Thus the same solution will be obtained for this 

problem as for that in which U is to be a maximum or mini- 
mum while W is constant. 

We now proceed to some examples. 

353. It is required to find a curve of given length joining 
two fixed points, so that the area bounded by the curve, the 
axis of a;, and ordinates at the fixed points may be a maximum. 

Here U^l'^ydx, W=: f''^/{l+p^dx; 

let V=y + a*/{l+p'), then we have to investigate a maxi- 
mum or mmimum value of / Vdx. Under the integral sign 

J Xq 

we have only y and^; hence for a maximum or minimum, 
by Art. 333, we must have 

that is, j, + a^{l+p')=-j^^ + C,, 
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Thus 1+/=-^., 

therefore /^V 1 _ (C.-y)' . 

therefore W "■i^»■*a--(0,-y)- 

therefore a + (7, = *J[o? - ((7, - yY]. 

This shews that the required curve is a circular arc. 

Since the extreme points are supposed fixed, the part of 
8 F which depends on the limits vanishes. 

The constants (7j, (7,, a must be determined by making 
the circular arc pass through the given fixed points and have 
the given length between them. 

354. Given the length of a curve, find its form so that 
the depth of the centre of gravity may be a maximum. 

Take the axis of a? horizontal, and the axis of y vertically 

downwards. Let h denote the length of the curve ; then the 

1 f'l 
depth of the centre of gravity is t I y *J{1 +p') dx^ and the 

length is {"' ij {I + f) dx. 

Let F=iyV(l+/)+«V(l+i>'), 

then we require a maximum or minimum value of I Vdx. 

J Xq 

Here by Art. 333 we must have 

F==f^+C;, that is, 

therefore i+y=il^).\ 
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and therefore — = ^^ 



hence a? = ^log [y+5+ V{(y + 5)'-^'}]+ C^, 
where (7, is a new constant, and A^bC^ and JB = cA, 

This equation shews that the required curve is a catenary. 
If the ends of the required curve are supposed fixed, the terms 
depending on the limits vanish, and the constants A^ B^ C^ 
must be aetermined by making the catenary pass through the 
fixed points and have a given length between them. Suppose 
however that instead of being fixed the ends are only con- 
strained to lie on fixed curves. By proceeding as in Art. 346 
we obtain the following limiting terms ; 

Consider the terms with the suffix 1 ; we have l^id^^i+P^Sy^ , 
that is, (f + a) Vd+A-) ^.+ (f + «) ^^0^^ . 

Now supposing y = '^ (^) the equation to the fixed curve, 
we have Sy^ = {^' {x^) — jpj dx^, so that the term reduces to 

To make thi^ vanish we must have 1 ^-^j-^' (a;J =* 0, for 
y^+ab cannot vanish, as then a?^ would be impossible. A 
similar result holds at the other limit; and thus it appears 
thiat the catenary must cut the fixed curves at right angles. 

355. Given the surface of a solid of revolution, to find its 
nature that the solid content may be a maximum. 

Take the axis of x as the axis of revolution. Then the 
surface is 2ir I y V(l +i>') ^> ^^^ ^^^ volume is ir / v*da?. 

Let F=y+ay V(l+i^') \ ^^^^ ^® ''^ave to find a maxi- 
mum or minimum value of Vdx. Here by Art. 333 we 
must have ? • : 
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that is, y* + ay ^(1 + f) = ;^^^ + C, 

tlierefore 3^ + V(l + !>*) ° ^' 

This is a differential equation to the curve which would by 
revolution generate the required surface. Supposing that the 
ends of the generating curve are required to pass through 
fixed points, the terms at the limits vanish. 

If either of the fixed points is on the axis of revolution, the 
value y := is to satisfy the equation to the curve j thus (7 = 0. 
Then the general equation reduces to 

^■^7(^7)=°- therefore y + ;^^^j^=0; 
this gives a circular arc as the generating curve. 

Some further discussion of this problem will be found in 
the Philosophical Magazine for July and for August 1861, 

356. Given the mass of a solid of revolution of imiform 
density, required its form so that its attraction upon a point in 
its axis may be a maximum. 

Let the axis of x be taken as that of revolution, and the 
position of the attracted point as the origin. 

Let the solid be divided into indefinitely thin slices by 
planes perpendicular to the axis, of x. If y represent the 
radius of a slice, x its distance firom the attracted point, k its 
thickness and p its density, the attriaction is (see Statics^ 
Chapter xiil.) 

Therefore the whole attraction of the solid is 

and the mass of the solid is 

irp I j^dx. ■ ~ 

T. !• C. 21 
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Thus let F= 1 — 77-s — jT + aw" ; then we have to investi- 
gate the maximum or minimum value of I Vdx. 

The condition -^— ^ + = ^ reduces here to JV = 0, 

that is, ^^y+7T^4l==^' 

therefore 2a (a?" + y*)* + a? = 0. 

If we suppose the limits x^ and x^ susceptible of change 
we have the limiting terms V^dx.— V^dx^; and to make these 
vanish we must have F^ = and T^= ; this leads to yi= and 
y^ = 0. Thus the solid must be formed by the revolution 
round the axis of x of the whole closed curve determined by 

the equation 2a (a^ + y^)* + j? = 0; the value of a must be 
found from the condition that the mass, and therefore the 
volume, is given. 

Douhle Integrals. 

357. We shall now consider the problem of finding the 
maximum or minimum value of a double integral; and we be^ 
gin by finding the variation of a double integraL 

Let 2; be a function of the independent variables x and y at 

dz 
present unknown ; let F be a given function of ar, y, «, -r- 

and^; let Z7= I I Vdxdy\ the integration is supposed 

effected with respect to y first, and the limits y^ and y^ are 
supposed given nmctions of x. It is required to determine 
what function z must be of x and y in order that U may 
have a maximum or minimum value. 

Let hz denote an indefinitely small arbitrary function of x 
and y\ let SF denote the variation made in F when z receiver 
the variation S«, and let iU denote the variation in U] then 
we have first to obtain an expression for ZU. 
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Let L denote the partial differential coeflScient of F with 
respect to z^ M the partial differential coefficient of V with 

respect to -j- , and N the partial differential coefficient of V 
with respect to t- ; then we have 

dx dy 

where, as heretofore, we confine ourselves to the first power 
of the indefinitely small quantities. Hence 



be value of S F may be written thus ; 
lerefore 



The differential coefficients with respect to x and y which 
are here indicated are complete differential coefficients. 

Also f ""' f ^' i (^^) ^dy^ r' {{Mz), - (Mz),] dx, 

where {NBz)^ denotes the value of NSz when y^ is put for y, 
and {NSz)^ denotes the value of Niz when y^ is put for y. 

And by Art. 216, 

where {Mhz)^ denotes the value of Mhz when y^ is put for y, 
and {Mhz\ denotes the value of MZz when y^ is put for y« 

21—2 



324 CALCULUS OF YABIATIONS. 

Therefore j'jj"-^{MSz)dxdy 

= ( f" MSz dy) - ( f ' MBz dy) 

-J2iMs.)^%d.^J2m/^d.. 

Therefore ^.^^/^(^-f "f )«^^% 

+ ( f" MZz dy) - ( P' MBzdy) 

If the limits y^ and y^ are consiantB^ the last two terms 
yaoish. 

358. In the value oihU found in the preceding article, 
there is one term which is a double integral involving hz 
under the integral signs, and various single integrals de- 
pending, upon the limiting values of hz. By the method 
abeady used in Art. 330, it will follow that hV will not 
certainly vanish unless the coefficient of hz under the double 
integral sign vanishes; thus for a maximum or minimum 
value of Z7we have as a necessary condition 

dx dy" * 

This is a partial differential equation for finding z in 
terms of a? and y\ and we may say that the arbitrary func- 
tions which occur in its solution must be determmed so' 
that the remaining terms in Si7 may vanish. But the diffi- 
culty of integrating the partial differential equation in general 
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prevents any practical examination of these terms at the 
limits. 

359. As aa example, let it be required to determine a 
surface of minimum area bounded by a given curve. 

Here by Art. 170, 

let us put as usual 

da _ dz^_ ^_ rf'g _ c?*g 

^"^' ^"^' da^"^' dxdy^^' dy'^^' 

The condition for a minimum reduces to 

dM dN^^ 
dx dy * 

that is, to ^^(i^y + 2.) + ^^(n.y + j.) = 0t 
that is, to 

that is, to (l+j^r-2pj«+(H-p»)« = 0. 

It is proved in works on Geometry of Three Dimensions 
that this equation indicates that the required surface is such 
that at every point the two principal radii of curvature are 
equal in magnitude and of contrary signs. 

Since we suppose the boundary of the required surface 
to be a fixed curve Zz vanishes all round this boundary ; thus 
the terms relative to the limits in S{7all vanish. 

Discrimination of Maxima and Minima values. 

360. We shall now make some remarks on the second 
part of the investigation of maxima and minima values of 
mtegrals ; see Art. 325. 



326 CALCULUS OP TABIATI0N8. 

Consider the example of finding the shortest line between 
two given points. Here 

J »Q 

Suppose y changed into y + 8y* and consequently p into 
p + Sp ; put p + ip instead of p in F and expand ; thus V 
oecomes 

^^ ^' va+p*) 2(i+^')« 

where the terms which are not expressed are of the third and 
higher orders in ip. Thus we obtain 

The first of these terms is what we formerly denoted by 
hU, and the investigation of the minimum value of ?7so far 
as it has hitherto been carried, consists in making this term 
vanish. Supposing then that this term vanishes, and neg- 
lecting terms of the third and higher orders, we have 

If x^ — x^ is positive, every element of this inte^al is 
positive; thus BU ia positive, and therefore a minimum value 
of ZJhas been obtained. 

361. Again, take the case of the brachistochrone, when 
the extreme points are fixed. Here 

Vy • Jso Vy 

Change y into y + By, and p into p + Sp; and expand 
the new value of F, Thus F becomes 
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Vy 2y^ y* (I +i>")* 

8y* 2y*(l4-/)4 2y* (1 +/)* 



and from this we can obtain BU. 

Now by the process of Art. 339 the terms of the first 
order in S &" are made to vanish ; then, neglecting terms of 
the third and higher orders, we have 

We have now to investigate the sign of this expression 
when the relation between x and y is that which is determined 
in Art. 339 ; and we shall shew by some transformations 
that SZJis positive. 

Since y4(l+_p')4=(2a)4, 

we have BU= f" f-M^- £^^^MX ^ 
J'o I W 2y(2a)* 4a(2o)*J 

^ 1 P.[ 3g(5y)' pBt/Sp yjSpy)^ 
2(2a)^J'A Zy* y 2a J * 

and as the extreme points are supposed fixed By vanishes at 
the limits ; therefore 

Now -^f£Ui«^-^ = ---^ ?^^ 

dx\yj y^dy y* f y* f 

Therefore (''S^M^dx^l f'\Syy^dx; 
J*, y 2j,/*' y* 
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Thus SUiQ positive, and therefore a minimum value of U 
has been obtained. 

362. The preceding article shews that It may be possible 
to change the expression of the second order to whicn SU is 
reduced by our previous investigations, from a form in which 
the sign is uncertain to a form in which the sign is obvious. 
A general theory with respect to suitable transformations of 
such terms of the second order has been given by Jacobi ; 
for this we refer to the works named at the end of tne present 
chapter. 

It may be observed that many of the problems discussed 
in the Calculus of Variations are of a kind in which we may 
infer with more or less certainty, from the nature of the par- 
ticular problem, that there can be a minimum and no maxi- 
mum, or a maximum and no minimum. 

363. In the problem discussed in Art. 359 it is easy to 
shew that the result really gives a minimum. Here 

JjfoJVo 

Suppose z changed into z + Bz, in consequence of which ^ 
becomes p + Bp and q becomes q + Sq. Thus V becomes 



(•+^^«^' + 7J^^^ 



qSq 






Then supposing the terms of the first order made to 
vanish, and neglecting terms of the third and higher orders, 
we have 
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Si7=l C' p' (l + g*) {Spy^2pqSpBq+ (! + ;>') (SgY ^^. 
_ 1 [^' fy> (8y)'+ (gg)' + (g»-^8g)' , , 

Thus the term under the integral signs is necessarily 
positive; so that a minimum value of CThas been obtained. 

Condition of Integr ability. 

364. In Art. 330 we have found that -£"= is a neces- 
sary condition for the existence of a maximum or minimum 
value of the integral there considered. It may however 
happen that in certain cases the relation ^=0 is satisfied 
identically; this case we proceed to exemplify and interpret. 

Suppose we are seeking a maximum or minimum value of 

y J 






y y^ y 
d!y"~y y* y* ' 

p_£F'_l 2^' 
"^'dy'-y y' ' 

ri_dV_x 
^~dy"-y' 

dP d*Q_ y' . 23^" xy" 
dx^ d!^ ~ f^ y' f 



_J y' ?y! gay" . 4ay''[ 

(y* y'~ 1/' ^ ^] 

2y' ay" Imf* 

y y y 
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On collecting the terms it will be found that 

dx doi? 

vanishes. Thus the relation Z'=0 is an identity in this 
example, and we cannot obtain from it any value of y. 

In this example we shall find that 



/ 



y 



that is, the integral / Vdx can be obtained without assigning 
the value of y in terms of x. Thus if we wish to find a 
maximum or minimum value of I Vdx^ we must investigate 

a maximum or minimum value of (— j — ( — J . We are 

\yji \y K, , 

therefore not concerned with the maximum or minimum of 
an undetermined integral expression of the kind hitherto con- 
sidered, but with the maximum or minimum of an expression 
free from the integral sign. 

This species of maximum and minimum problem is con- 
sidered in some of the comprehensive treatises on the Calculus 
of Variations ; ,as it does not present much interest we will 
refer the student to such works. 

365. We shall now prove universally that the necessary 
and sufiicient condition in order that k may be integrable 
without assigning the specific value of y in terms of a?, is that 
^=0 should be identically true. An expression which is 
integrable without assigning the specific value of the depend- 
ent variable in terms of the independent variable is sometimes 
said to be integrable per se, and is sometimes said to be im- 
mediately integrable. 

366. We first prove that the condition is necessary. 
Suppose that V involves a?, y and the diflferential coefficients 

of y with respect to a? up to ^-^ inclusive. 



/, 
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If the fimction V is immediately integrable the integral 
Vdx can be expressed in the form 

*{'..».. (I), @i &)] 

-*f"^..(i)..@). p)j- 

where the form of the function denoted ^by <^ remains un- 
changed whatever may be the value of y in terms of x. Now 
suppose that y receives such a variation as leaves the values 
of y and its differential coefficients at the limits unaltered j 

then from the value of I * Vdx it follows that 

thus by Art. 329 

f'l. (dV d dV ^ d^ dV ] , ^ 
iJyW'^'Sbol^^^d^W'^''') 
But this cannot be true whatever hy may be, unless 

dy dx dy* da? dy' '" ' 

and unless this is identically true it determines y as a function 
of X. Thus if V is immediately integrable the relation K^ 
must be identically true. 

Next we shall shew conversely that if this condition 
holds V is immediately integrable. It is usually considered 
sufficient to say, that if this condition holds the variation of 

I Vdx depends solely on the limiting values of a?, y, and 

the differential coefficients of y ; and therefore I Vdx must 

itself depend solely on these limiting values, that is, V must 
be immediately integrable. We shall however reproduce a 
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more satisfactory demonstration which has been given of the 
proposition. 

Suppose F= ^ (a, y, y\ y\ ...)• 

Let u and v denote two functions of x at present undeter- 
mined ; let a denote a quantity which we shall vary indepen- 
dently of X. Let -^(o) denote what V becomes when we 
put M + av instead of y, and v! + av instead of y\ and u" + av" 
mstead of y", and so on; thus 

-^ (a) = <^ {Xy u + av, u' + at;', u" + at?", ...)• 

Differentiate both sides with respect to a, so that we have 
a result which we may denote thus, 

Integrate both sides, from a = to a = 1 ; thus 

+(.)-+(0)-/;{t.+g.'+^."+...)*.; 

that is, we have the following identically true, 
^(o;, t^ + v, t*' + t?', t*" + t?", ...) 
= <^ (a?, t^, u\ t^", ...) 

Integrate both sides with respect to x ; thus 
= |<^ (a?, t«, u', t*", ...) dx 
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where in the last term the order of the independent integrations 
has been changed. 

B7 integration bj parts 

and so on. 
Thus 

|<^(aj, u + Vf u' + v\ u" + v"j .,.)dx 

+ 



Now by supposition the relation 5^=0 is satisfied identi- 
cally whatever may be the value of y ; so it is satisfied if 
w + at? be put for y. Hence 

du dx du daf du" 

The functions u and v are at present in our power ; put 
y -t«'for V and we have 



334 CALCULUS OF YARL^TIONS. 

1^ (a;, tt, tt', w", ...) &? 






+ 



Thus I Vdx is here actually exhibited as an expression 

consisting of terms, one involving only ordinary integration 
with respect to a?, and the others ordinary integration with 
respect to a. The function u is still in our power ; it should 
be chosen so that none of the quantities which occur become 
infinite or indeterminate; it may happen that consistently 
with this limitation we may put w = 0, 

367. It will now be easy to give the necessary and sufficient 
conditions for ensuring that a function shall be integrable 
per 86 more than once. 

Let V have the same meaning as before. 

We have, whatever V m^y be, 

jUvdxldx^xjVdx'-jxVdx. 

In order then that V may be integrable per se twice, the 
condition must of course be satisfied which ensures that it is 
integrable oer $e once ; and then the only additional condition 
is that ajKmust also be integrable per ae oilce. Thus in order 
that V may be integrable per se twice, the necessary and 
sufficient conditions are that the following relations must be 
identically true, 

dV d dV _^d^ dV _. .^. 
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dVx d dVx d^dVx^ 
dy dx dt/ '^ da? dy" ••• " " ^^^• 

We may modify the form of (2). For 

dVx dV dVx_ dV dVx_ rfF 
dy-'^dy' 'W^'^dy" df^'dy"' ' 

d dVx^^ d dV dV 
dx dy dx dy* dy' ' 

d? dVx_ d^ dV d_dV 
d^'^''^da?df'^^dxdy"' 

rf» dVx_ d' dV d? dV 
^ ^ ~^&5' dy'" "^"^ du? dy'" ' 



Substitute in (2) and omit the tenns which are zero by (1) ; 
then we obtain 

dV . d dV ^d" dV _. ,^. 

^^^^^■^"^^^^-"^ ^^^• 

Thus (1) and (2) may be replaced by. (1) and (3). 

By a formula given in Art, 54 the n^ integral of any pro- 
posed expression is exhibited in terms of n + 1 single integrals. 
From this formula we infer that in order that V may be 
integrable per se n times, it is necessary and sufficient that 
each of the following expressions should be integrable j'er se 
once, 

F, xV, a?V, ccT. 

For example, in order that V may be integrable per se 
three times, besides the conditions (1) and (2) or (1) and (3), 
the following must be identically true, 

dVa? d dVa? ^ d^ dV^ _ . . 

~d^ dx'd^^d^ dy" -•••-" W- 

We may modify the form of (4). For 
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^il^^a?- — +2aj— 
dx dy' dx dr/ dy ' 

<P dVo? ,d*dV,^ d dV ^.dV 
l^S^^'^-d^W^ '^ WW 
d* dV!^ ,d^dV^. d^ dV ,„d dV 



tit f 



Substitute in (4) and omit the terms which axe zero hj (1) 
and (3) ; then we obtain 

dV 3.2 d dV ^l.Z d" dV _^ ... 

^"■172^ ^+172 ^rfir ■"•••"■ ^^* 

Thus (5) may be taken instead of (4), in conjunction with 
(1) and (2) or (1) and (3). 

Addition on the Variability of Limits. 

368. In the method we have adopted of treating problems 
involving changes of the limits we have followed the example 
given in two most elaborate works on the subject, thosQ of 
Strauch and Jellett; and we decidedly recommend this 
method as the best. We do not ascribe any variation to the 
independent variable, but only to the dependent variable. 
Another method however has been frequently adopted, and it 
should be explained in order that the student may understand 
any reference to it which may occur in his reading. 

In this method a variation is ascribed both to the de- 
pendent and independent variables. 

Let X become x + Bx and let y become y + 8y, it is required 

. . - dy d^y 

to find the variations of ^ , -^ , .... 

We denote the variation ^^ ^ ^^ ^ ^ 5 *^^ 
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dx d{x + Sx) dx 
dff^dSy 

dx dx dy 

dSx dx 
dx 

_ dy dSy dy dSx dy 

" dx dx dx dx dx' 

neglecting small quantities of the second order. 

Thus adopting the usual notation for a differential co- 
efficient, we have 

^ , dSy , dSx 






dx 



Sy'-y"&. = ^fc£M, 



., , dx 

In this result change y into y' ; thus 

dx 

_ d\Sy-y'Sx) 
d^ 

Similarly S,'" - f" Bx == ^' ^^^^' ^\ 

and so on. 

Put 0) for Sy —y'Bx ; thus 



¥'=iS+r&^. 



dx 

d^ 

da? 

T. I. C. 22 
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Now let V be any function of a?, y, and the differential 

coefficients of y with respect to x\ and let U= \ Vdx, 

Let it be required to express the variation of U which arises 
from the variations Sx and Sy in x and y respectively. Let 
SFdenote the change made in V; then 



neglecting a term of the second order. 

Now /^^<^ = ^^-/r^i^<^' 

therefore f " 7 ^ <fo = ( FSx), - ( VSx), - j'j F^l Sx dx, 

•where -t— denotes the complete differential coefficient of 
V with respect to x. 

Thus BU= {VBx\ - (^H+/''{^^- [^ &»} ^' 



thus 






^ dy^ ^ dy'^ ^ dy"^ +' 



.^ \dV\^ dV ^dV .dV „^ 
and finally 

We need not proceed further as we have arrived at a result 
equivalent to that in Art. 344 ; we have here a> instead of the 
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Stf which occurs there, and Sx^^ and Bx^ for dx^^ and dx^ 
respectively. 

In geometrical applications It will be observed that x and 
y become by variation a? + &c and y + Sy respectively. Thus 
ajj + Sx^ will correspond to the x^ + dx^ of Art. 345, and 

Vx + S^i will correspond to the [ F+ -t~ dxA of Art. 345. 

369. For further Information on the Calculus of Varia- 
tions the student may consult Professor Jellett's treatise, and 
the History of the Progress of the Calculus of Variations, during 
the Nineteenth Century^ by the present writer. . 

The most interesting examples in this subject are those 
which are connected with physical science, as the problem 
of the brachistochrone ; accordingly we shall include some 
more applications of this kind in the following selection for 
exercise. 

EXAMPLES. 

1. A curve of given length has its extremities on two 

given intersecting straight lines; determine Its form 
when the area included between the curve and its 
chord is a maximum. 

2. Determine a plane closed curve of given perimeter which 

shall include a maximum area. 
(See History. ..y page 68.) 

3. Ee^uired to connect two fixed points by a curve of 

given length so that the area bounded by the curve, 
the ordinates of the fixed points, and the axis of 
abscissas shall be a maximum, su{)posing the given 
length greater than is consistent with the solution in 
Art. 353. 

^ (See History...^ page 427.) 

4. A rectangular dish is to be fitted with a tin cover of 

riven heiffht having the ends vertical ; determine the 
form 80 uat the amount of material used may be the 
least possible. 
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5. A mountain is in the shape of a portion of a sphere, 
and the velocity of a man walking upon it varies 
as the height above the horizontal great circle of the 
complete sphere ; shew that if he wishes to pass from 
one point to another in the shortest possible time, he 
must walk in the vertical plane .which contains the two 
points. 

.6. When a curved surface can be divided by a plane into 
two symmetrical portions the intersection of the plane 
and surface, when an intersection exists, is in general 
a line of minimum length on the surface. 
(See History..., page 365.) 

7. Find the minimum value of 

(See Philosophical Magazine for December, 1861.) 

8. Required the minimum value of I (-^j dx under the 

following conditions ; y^^ — ^j \ ^ clx = — l. 

(See History..., page 432.) 

9. Required the variation of I Vdx, where F is a function 

of a?, y, ^ , -^ , ... and t?, where v = I V'dx, and F' is 

also a function of », y, ^ , -i^ , ... 

(See History..., page 21.) 
10. Let s denote / V(l +i>') dx, and let j>(s) be any function 

Jo 

of 8 ; then the relation between x and y is required 
which makes I ^{8)dx a maximum or a minimum 

^ 

while / V(l +i?*) dx has a given value, a being a con- 

•'o 

stant. For a particular case suppose ^{s) = s. 

(See History..., page 453.) 
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11. Eequired the curve at every point of which 

{y +('»-«') |}{y+(«-^)|} 

is a maximum or a minimum. 

(See History,,, y page 1.) 

12. Eequired the curve at every point of which y-p is a 

maximum or a minimum, the variations of y and -^ 

being so taken that at any point yx — 't^ -j- shall 

undergo no change by variation. 

(See History.., y page 414.) 

13. Apply Art. 350 to prove the point assumed in Art. 339, 

namely, that the required curve in the brachistochrone 
problem lies in the vertical plane which contains the 
two given points. 

14. The form of a homogjeneous solid of revolution of 
% given superficial area, and described upon an axis of 

given length, is such that its moment of inertia about 
the axis is a maximum ; prove that the normal at any 
point of the generating curve is three times as long as 
the radius of curvature. 

15. A given volume of a given substance is to be formed 

into a solid of revolution, such that the time of a 
small oscillation about a horizontal axis perpendi- 
cular to the axis of figure may be a minimum ; de- 
termine the form of the solid. 
(See History... y page 391.) 

16. A vessel of given capacity in the form of a surface of 

revolution with two circular ends, is just filled with 
inelastic fluid which revolves about the axis of the 
vessel, and is supposed to be free from the action of 
gravity. Investiffate the form of the vessel that the 
whole pressure which the fluid exerts upon it may be 
the least possible, the magnitudes of the circular ends 
being given. 

Result. The generating curve is a catenary. 
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17. Find the equation given by the Calculus of Variations 

for the transverse section of a straight and uniform 
canal, when one of the three quantities, the surface, the 
capacity, and the normal hydrostatic pressure, is either 
^ a maximum or a minimum, and the other two are 
given, the terminal surfaces and pressures not being 
taken into account. 

Shew also that when the surface is a minimum and the 
capacity only is given, the section is circular; and 
when the normal pressure is a minimum the section 
is a catenary or two straight lines, according as the 
surface or the capacity is given. 

18. If there are two curves with their concavities down- 

wards and terminated in the same extremities, a par- 
ticle moving under the action of gravity will take a 
longer time to describe the upper curve than the lower 
curve, the initial velocity being supposed the same in 
the two cases. 

(See History, . . , page 348.) 
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